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❡st❡ tr❛❜❛❥♦ q✉❡ ❡s ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐✱ ❧❛ q✉❡ ❡st✉❞✐❛r❡♠♦s ②
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▲❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ❍❛♠✐❧t♦♥ ✕❏❛❝♦❜✐ t✐❡♥❡♥ s✉ ❛♣❧✐❝❛❝✐ó♥ ❡♥ ❧❛ ♠❡❝á♥✐❝❛
❝✉á♥t✐❝❛ ② ♠❡❝á♥✐❝❛ r❡❧❛t✐✈✐st❛ q✉❡ ♣❡r♠✐t❡ ❡st✉❞✐❛r ❡❝✉❛❝✐♦♥❡s ❞❡ ❡✈♦❧✉❝✐ó♥
♦ ♠♦✈✐♠✐❡♥t♦ ❞❡ ❛❤í ❧❛ ✐♠♣♦rt❛♥❝✐❛ ♣❛r❛ ❡❧ ❡st✉❞✐♦ ❞❡ ❡st❛s ❡❝✉❛❝✐♦♥❡s✳ ❊s✲
t✉❞✐♦s ❞❡ ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐ ❡♥ s✉ ❢♦r♠❛ ❣❡♥❡r❛❧ ♦ r❡❢❡r❡♥t❡s
❛ ❡st❛ ❡❝✉❛❝✐ó♥ ❧♦ ♣♦❞❡♠♦s ❡♥❝♦♥tr❛r ❡♥ ❬✷❪✱ ❬✺❪✱ ❬✼❪ ❛sí ❝♦♠♦ ❡♥ ❬✶✵❪ ❡❧ ❝✉❛❧
❛ s❡r✈✐❞♦ ❝♦♠♦ ❜❛s❡ ♣❛r❛ ❡❧ tr❛❜❛❥♦ ♣r❡s❡♥t❛❞♦✳
❊st❡ tr❛❜❛❥♦ ❝♦♥st❛ ❞❡ tr❡s ❝❛♣ít✉❧♦s✳ ❊♥ ❡❧ ♣r✐♠❡r ❝❛♣ít✉❧♦ ✈❛♠♦s ❛ ❞❡❞✉✲
❝✐r ❧❛s ❡❝✉❛❝✐♦♥❡s ❝❛r❛❝t❡ríst✐❝❛s ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐✱ ❛ ♣❛rt✐r
❞❡ ❧❛ ❢♦r♠❛ ❣❡♥❡r❛❧ ❞❡ ✉♥❛ ❊❉P ❞❡ ♣r✐♠❡r ♦r❞❡♥ ♥♦ ❧✐♥❡❛❧✳
❊♥ ❡❧ s❡❣✉♥❞♦ ❝❛♣ít✉❧♦ ♠♦str❛r❡♠♦s ❧❛ ❡①✐st❡♥❝✐❛ ② ✉♥✐❝✐❞❛❞ ♣❛r❛ ❧❛ ❡❝✉❛✲
❝✐♦♥ ❞❡ ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐✳ P❛r❛ ❡❧❧♦✱ ❡♠♣❡③❛r❡♠♦s ❞❡✜♥✐❡♥❞♦ ✉♥❛ ❢✉♥❝✐ó♥ ❧❧❛✲
♠❛❞❛ ▲❛❣r❛♥❣✐❛♥♦ ♣❛r❛ ❞❡✜♥✐r ❡❧ ❍❛♠✐❧t♦♥✐❛♥♦ ② ♠❡❞✐❛♥t❡ ❡❧ ❝á❧❝✉❧♦ ✈❛r✐❛✲
❝✐♦♥❛❧ tr❛t❛r❡♠♦s ❞❡ ❝♦♥s❡❣✉✐r ✉♥❛ ❢✉♥❝✐ó♥ ❝❛♥❞✐❞❛t❛ ❛ s❡r s♦❧✉❝✐ó♥ ♣❛r❛ ❧❛
❡❝✉❛❝✐ó♥ ❞❡ ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐ ❡st✉❞✐❛❞❛✱ ❡st❛ ❢✉♥❝✐ó♥ s❡rá ❧❧❛♠❛❞❛ ❧❛ ❢ór♠✉❧❛
✷
✸❞❡ ❍♦♣❢✲❧❛①✳ ▲✉❡❣♦✱ ♣r❡s❡♥t❛r❡♠♦s ❛❧❣✉♥♦s r❡s✉❧t❛❞♦s q✉❡ ♥♦s ♣❡r♠✐t❛rá♥
♠♦str❛r q✉❡ ❡st❛ ❢ór♠✉❧❛ ❡s✱ ❡❢❡❝t✐✈❛♠❡♥t❡✱ ❧❛ s♦❧✉❝✐ó♥ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡
❍❛♠✐❧t♦♥✲❏❛❝♦❜✐ ❡st✉❞✐❛❞❛✱ ✐♠♣♦♥❞r❡♠♦s ❛❧❣✉♥❛s ❝♦♥❞✐❝✐♦♥❡s ♣❛r❛ ❧❛ ✉♥✐❝✐✲
❞❛❞ ❞❡❧ ♣r♦❜❧❡♠❛✳ ▲♦s r❡s✉❧t❛❞♦s ♣r❡s❡♥t❛❞♦s ❡stá♥ ❜❛s❛❞♦s ❡♥ ❬✶✵❪✳
❋✐♥❛❧♠❡♥t❡✱ ❡st✉❞✐❛r❡♠♦s ❛❧❣✉♥❛s ❛♣❧✐❝❛❝✐♦♥❡s r❡❢❡r❡♥t❡ ❛ ❡st❡ t✐♣♦ ❞❡
❡❝✉❛❝✐♦♥❡s✳
❈❛♣ít✉❧♦ ✷
Pr❡❧✐♠✐♥❛r❡s
❊s♣❛❝✐♦s Lp(Ω)
❊♥ ❡st❡ ❝❛♣ít✉❧♦ ♣r❡s❡♥t❛r❡♠♦s ❛❧❣✉♥♦s r❡s✉❧t❛❞♦s ❝❧ás✐❝♦s q✉❡ s❡rá♥ ✉s❛✲
❞♦s ❛ ❧♦ ❧❛r❣♦ ❞❡❧ tr❛❜❛❥♦✳ ▲❛s ❞❡♠♦str❛❝✐♦♥❡s s❡ ♣✉❡❞❡♥ ❡♥❝♦♥tr❛r ❡♥ ❬✸❪✱
❬✷✵❪✳
❙❡❛ Ω ✉♥ ❛❜✐❡rt♦ ❞❡❧ Rn✳ ❘❡♣r❡s❡♥t❛r❡♠♦s ♣♦r Lp(Ω)✱ 1 ≤ p ≤ +∞✱ ❡❧
❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧ ❞❡ ❧❛s ✭❝❧❛s❡s ❞❡✮ ❢✉♥❝✐♦♥❡s ❞❡✜♥✐❞❛s ❡♥ Ω ❝♦♥ ✈❛❧♦r❡s ❡♥ K
❞♦♥❞❡ K = R,C✱ t❛❧❡s q✉❡ |u|p ❡s ✐♥t❡❣r❛❜❧❡ ❡♥ ❡❧ s❡♥t✐❞♦ ❞❡ ▲❡❜❡s❣✉❡ ❡♥ Ω✳
❊❧ ❡s♣❛❝✐♦ Lp(Ω) ❝♦♥ ♥♦r♠❛
‖u‖Lp(Ω) =
(∫
Ω
|u(x)|pdx
) 1
p
, ♣❛r❛ 1 ≤ p < +∞
②
‖u‖L∞ = sup
x∈Ω
❡ss|u(x)|, ♣❛r❛ p = +∞,
❡s ✉♥ ❡s♣❛❝✐♦ ❞❡ ❇❛♥❛❝❤✳
❊♥ ❡❧ ❝❛s♦ p = 2✱ L2(Ω) ❡s ✉♥ ❡s♣❛❝✐♦ ❞❡ ❍✐❧❜❡rt✳
Pr♦♣♦s✐❝✐ó♥ ✷✳✵✳✶✳ ❙✐ u ∈ L1(Ω) ❡♥t♦♥❝❡s ❧❛s ✐♥t❡❣r❛❧❡s ✐♥❞❡✜♥✐❞❛s ❞❡ u
s♦♥ ❢✉♥❝✐♦♥❡s ❝♦♥t✐♥✉❛s✳
❚❡♦r❡♠❛ ✷✳✵✳✶✳ ✭❈♦♥✈❡r❣❡♥❝✐❛ ❉♦♠✐♥❛❞❛ ❞❡ ▲❡❜❡sq✉❡✮✳ ❙❡❛ (fp) ✉♥❛
s✉❝❡s✐ó♥ ❞❡ ❢✉♥❝✐♦♥❡s ♠❡❞✐❜❧❡s s♦❜r❡ Ω q✉❡ ❝♦♥✈❡r❣❡ ♣✉♥t✉❛❧♠❡♥t❡ ❛ ❧❛ ❢✉♥✲
❝✐ó♥ f ② s✉♣♦♥❣❛♠♦s q✉❡ ❡①✐st❡ ✉♥❛ ❢✉♥❝✐ó♥ F ✐♥t❡❣r❛❜❧❡ s♦❜r❡ Ω t❛❧ q✉❡
|fp| ≤ F ♣❛r❛ t♦❞♦ p✱ ❡♥t♦♥❝❡s
✐✮ f ❡s ✐♥t❡❣r❛❜❧❡ s♦❜r❡ Ω✳
✹
✺✐✐✮
∫
Ω
f = l´ım
∫
Ω
fp
❚❡♦r❡♠❛ ✷✳✵✳✷✳ ✭❉❡s✐❣✉❛❧❞❛❞ ❞❡ ❏❡♥s❡♥ ✮✳ ❙❡❛♥ f : R −→ R ❝♦♥✈❡①❛✱
Ω ⊂ Rn ❛❜✐❡rt♦✱ ❛❝♦t❛❞♦ ② u : Ω −→ Rn ✐♥t❡❣r❛❜❧❡✳ ❊♥t♦♥❝❡s✱
f
(∮
Ω
udx
)
≤
∮
Ω
f(u)dx,
❞♦♥❞❡
∮
Ω
udx =
1
|Ω|
∫
Ω
udx✳
❉❡❢✐♥✐❝✐ó♥ ✷✳✵✳✶✳ ❯♥❛ ❢✉♥❝✐ó♥ f : Rn −→ R ❡s ❧❧❛♠❛❞❛ ❝♦♥✈❡①❛ s✐ ❝✉♠♣❧❡
❧❛ s✐❣✉✐❡♥t❡ ♣r♦♣✐❡❞❛❞✿
f(rx+ (1− r)y) ≤ rf(x) + (1− r)f(y),
♣❛r❛ t♦❞♦ x, y ∈ Rn✳
❚❡♦r❡♠❛ ✷✳✵✳✸✳ ✭❍✐♣❡r♣❧❛♥♦ ❞❡ ❆♣♦②♦✮✳ ❙❡❛ f : Rn −→ R ❝♦♥✈❡①❛✳
❊♥t♦♥❝❡s✱ ♣❛r❛ ❝❛❞❛ x ∈ Rn✱ ❡①✐st❡ r ∈ Rn t❛❧ q✉❡
f(y) ≥ f(x) + r · (y − x),
♣❛r❛ t♦❞♦ y ∈ Rn✳
❉❡❢✐♥✐❝✐ó♥ ✷✳✵✳✷✳ ❉❛❞❛s ❞♦s ❢✉♥❝✐♦♥❡s ❢ ② ❣ ❛❜s♦❧✉t❛♠❡♥t❡ ✐♥t❡❣r❛❜❧❡s ❡♥
R✱ ❧❛ ❝♦♥✈♦❧✉❝✐♦♥ ❞❡ ❢ ② ❣ ❡s ❞❛❞❛ ♣♦r✿
(f ∗ g)(x) =
∫ ∞
−∞
f(y)g(x− y)dy.
❚❡♦r❡♠❛ ✷✳✵✳✹✳ ❉❛❞❛s ❞♦s ❢✉♥❝✐♦♥❡s ❢ ② ❣ ❛❜s♦❧✉t❛♠❡♥t❡ ✐♥t❡❣r❛❜❧❡s ❡♥ R✳
❙❡ ❝✉♠♣❧❡✿
f ∗ g = g ∗ f.
❉❡❢✐♥✐❝✐ó♥ ✷✳✵✳✸✳ ✐✮ ❙❡❛ η ∈ C∞(Rn) ❞❡✜♥✐❞❛ ♣♦r
η(x) :=
C exp(
1
|x|2 − 1) s✐ |x| < 1,
0 s✐ |x| ≥ 1,
✻❞♦♥❞❡ C ❡s ✉♥❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ ❡s❝♦❣✐❞❛ ❞❡ t❛❧ ♠❛♥❡r❛ q✉❡∫
Rn
η(x)dx = 1.
η ❡s ❧❧❛♠❛❞❛ ❛♣r♦①✐♠❛❝✐ó♥ ❛ ❧❛ ✉♥✐❞❛❞ ❡stá♥❞❛r✭st❛♥❞❛r❞ ♠♦❧❧✐✜❡r✮✳
✐✐✮ P❛r❛ ❝❛❞❛ ǫ > 0✱ ❞❡✜♥✐♠♦s
ηǫ(x) :=
1
ǫn
η
(x
ǫ
)
.
▲❛s ❢✉♥❝✐♦♥❡s ηǫ ∈ C∞(Rn) s♦♥ ❧❧❛♠❛❞❛s s✉❝❡s✐♦♥❡s r❡❣✉❧❛r✐③❛♥t❡s ②
s❛t✐s❢❛❝❡♥ ∫
Rn
ηǫ(x)dx = 1, s♣t(ηǫ) ⊂ B(0, ǫ).
❉❡❢✐♥✐❝✐ó♥ ✷✳✵✳✹✳ ❙❡❛ f : Ω −→ R ❧♦❝❛❧♠❡♥t❡ ✐♥t❡❣r❛❜❧❡✳ ❙❡ ❞❡✜♥❡ ❧❛
❛♣r♦①✐♠❛❝✐ó♥ ❞❡ f✭♠♦❧❧✐✜❝❛t✐♦♥ ♦❢ f✮❝♦♠♦
f ǫ = ηǫ ∗ f ❡♥ Ωǫ = {x ∈ Ω; ❞✐st(x, ∂Ω) > ǫ}.
❚❡♦r❡♠❛ ✷✳✵✳✺✳ ❊♥ ❧❛ ❝♦♥❞✐❝✐♦♥❡s ❞❡ ❧❛ ❞❡✜♥✐❝✐ó♥ ❛♥t❡r✐♦r s❡ ♦❜t✐❡♥❡✿
✐✮ f ǫ ∈ C∞(Ωǫ)✳
✐✐✮ f ǫ −→ f ✱ ❝❛s✐ s✐❡♠♣r❡✱ ❝✉❛♥❞♦ ǫ −→ 0✳
✐✐✐✮ ❙✐ f ∈ C(Ω)✱ ❡♥t♦♥❝❡s f ǫ −→ f ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♥ t♦❞♦ s✉❜❝♦♥❥✉♥t♦
❝♦♠♣❛❝t♦ ❞❡ Ω✳
❈á❧❝✉❧♦ ✈❛r✐❛❝✐♦♥❛❧
❉❡❢✐♥✐❝✐ó♥ ✷✳✵✳✺✳ ❙❡❛ M ✉♥ ❝♦♥❥✉♥t♦ ❞❡ ❢✉♥❝✐♦♥❡s✱ ❡♥t♦♥❝❡s f : M −→ R
❡s ❧❧❛♠❛❞♦ ❢✉♥❝✐♦♥❛❧✳
❉❡❢✐♥✐❝✐ó♥ ✷✳✵✳✻✳ ❊❧ ❝á❧❝✉❧♦ ✈❛r✐❛❝✐♦♥❛❧ ❡s ❡❧ ❝❛♠♣♦ ❞❡ ❧❛ ♠❛t❡♠át✐❝❛ q✉❡
s❡ ❡♥❝❛r❣❛ ❞❡ ❡st✉❞✐❛r ❧♦s ♠ét♦❞♦s q✉❡ ♣❡r♠✐t❡♥ ❤❛❧❧❛r ❧♦s ✈❛❧♦r❡s ♠á①✐♠♦s
② ♠í♥✐♠♦s ❞❡ ✉♥ ❢✉♥❝✐♦♥❛❧✳
❈❛♣ít✉❧♦ ✸
■♥tr♦❞✉❝❝✐ó♥ ❛ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡
❍❛♠✐❧t♦♥✲❏❛❝♦❜✐
✸✳✶✳ ❊❝✉❛❝✐♦♥❡s ❝❛r❛❝t❡ríst✐❝❛s ♣❛r❛ ✉♥❛ ❊❉P ❞❡ ♣r✐✲
♠❡r ♦r❞❡♥ ♥♦ ❧✐♥❡❛❧
❊♥ ❡st❛ ♣❛rt❡ ❞❡❞✉❝✐r❡♠♦s ❧❛s ❡❝✉❛❝✐♦♥❡s ❝❛r❛❝t❡ríst✐❝❛s ♣❛r❛ ✉♥❛ ❊❉P
❞❡ ♣r✐♠❡r ♦r❞❡♥ ♥♦ ❧✐♥❡❛❧✱ ❝✉②❛ ❢♦r♠❛ ❣❡♥❡r❛❧ ❡s
F (Du, u, x) = 0, ✭✸✳✶✮
❝♦♥ ❝♦♥❞✐❝✐ó♥ ❞❡ ❢r♦♥t❡r❛
u = g ❡♥ Γ, ✭✸✳✷✮
❞♦♥❞❡ x ∈ U ✱ u : U −→ Rn ✱ s✐❡♥❞♦ U ❛❜✐❡rt♦ ❡♥ Rn✱ Γ ⊂ ∂U ✭❢r♦♥t❡r❛ ❞❡
U✮ ② g : Γ −→ R s♦♥ ❞❛❞♦s✳
P❛r❛ ❞❡❞✉❝✐r ❧❛s ❡❝✉❛❝✐♦♥❡s ❝❛r❛❝t❡ríst✐❝❛s q✉❡ s♦❧✉❝✐♦♥❛ ❡❧ s✐st❡♠❛ ✭✸✳✶✮✲
✭✸✳✷✮✱ ✈❛♠♦s ❛ ❝♦♥✈❡rt✐r❧❛s ❡♥ ✉♥❛ ❊❉❖ ❡q✉✐✈❛❧❡♥t❡ ❛ ✭✸✳✶✮✲✭✸✳✷✮✳ ❙✉♣♦♥❣❛♠♦s
q✉❡ t❡♥❡♠♦s ✉♥❛ ❢✉♥❝✐ó♥ u q✉❡ s❡❛ s♦❧✉❝✐ó♥ ❞❡ ✭✸✳✶✮✱ ✈❛♠♦s ❛ ❝❛❧❝✉❧❛r ✉ ❛ ❧♦
❧❛r❣♦ ❞❡ ❛❧❣✉♥❛s ❝✉r✈❛s ❡♥ ❯✱ ✉♥✐❡♥❞♦ ✉♥ ♣✉♥t♦ x ∈ U ❝♦♥ ✉♥ ♣✉♥t♦ x0 ∈ Γ
② ❛ ❧♦ ❧❛r❣♦ ❞❡❧ ❝✉❛❧ ♣♦❞❛♠♦s ❤❛❧❧❛r ✉✳ ❉❡ ✭✸✳✷✮✱ s❛❜❡♠♦s ❡❧ ✈❛❧♦r ❞❡ ✉ ❡♥ ❡❧
✜♥❛❧ x0✳ P♦r ❧♦ t❛♥t♦✱ ♥✉❡str♦ tr❛❜❛❥♦ ❝♦♥s✐st✐rá ❛❤♦r❛ ❡♥ ❡♥❝♦♥tr❛r ❡❧ ✈❛❧♦r
❞❡ u ❡♥ t♦❞❛ ❧❛ ❝✉r✈❛✱ ♣❛r❛ ❡❧❧♦ ❜✉s❝❛r❡♠♦s ♣❛r❛♠❡tr✐③❛r ❞✐❝❤❛ ❝✉r✈❛✳
❙❡❛
x(s) =
(
x1(s), · · · , xn(s)) ✭✸✳✸✮
✼
✽❧❛ ❝✉r✈❛ q✉❡ ❞❡s❝r✐❜❡ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ❛♥t❡r✐♦r♠❡♥t❡ ❡s♣❡❝✐✜❝❛❞❛ ✱ ❞♦♥❞❡ ❡❧
♣❛rá♠❡tr♦ s ❡stá ❡♥ ✉♥ ✐♥t❡r✈❛❧♦ ❞❡ R.
❉❡✜♥❛♠♦s {
z(s) = u(x(s)),
pi(s) = uxi(x(s)), (i = 1, 2, . . . . . . , n),
✭✸✳✹✮
❞♦♥❞❡ p(s) = (p1(s), . . . . . . . . . , pn(s)).
❉❡❜❡♠♦s ❡❧❡❣✐r ✉♥❛ ❢✉♥❝✐ó♥ x(·) ❞❡ t❛❧ ♠♦❞♦ q✉❡ ♣♦❞❛♠♦s ❝❛❧❝✉❧❛r z(·) ②
p(·)✳ P❛r❛ ❡❧❧♦✱ ❞✐❢❡r❡♥❝✐❡♠♦s ❧❛ ✐✲és✐♠❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ p(·) ❝♦♥ r❡s♣❡❝t♦ ❞❡
s✱
p˙i(s) =
n∑
j=1
uxixj(x(s))x˙
j(s). ✭✸✳✺✮
❊st❛ ❡①♣r❡s✐ó♥ ✐♠♣❧✐❝❛ s❡❣✉♥❞❛ ❞❡r✐✈❛❞❛s✱ ❧❛s ❝✉❛❧❡s tr❛t❛r❡♠♦s ❞❡ ❡❧✐♠✐♥❛r✳
❉❡r✐✈❛♥❞♦ ✭✸✳✶✮ ❝♦♥ r❡s♣❡❝t♦ ❛ ①i ♦❜t❡♥❡♠♦s
n∑
j=1
(
∂F (Du, u, x)
∂pj
uxixj
)
+
∂F (Du, u, x)
∂z
uxi +
∂F (Du, u, x)
∂xi
= 0. ✭✸✳✻✮
❊s❝♦❣❡♠♦s ①❂①✭s✮✱ t❛❧ q✉❡
x˙j(s) =
∂F
∂pj
(p(s), z(s), x(s)). ✭✸✳✼✮
❉❡s❞❡ q✉❡ p(s) = Du(x(s))✱ ❞❡ ✭✸✳✼✮ ② ❡✈❛❧✉❛♥❞♦ ✭✸✳✻✮ ❡♥ ①❂①✭s✮ s❡ ♦❜t✐❡♥❡
n∑
j=1
(
x˙j(s)uxixj(x(s))
)
+
∂F
∂z
(p(s), z(s), x(s))pi(s)
+
∂F
∂xi
(p(s), z(s), x(s)) = 0. ✭✸✳✽✮
▲✉❡❣♦✱ ❞❡ ✭✸✳✹✮✱ s❡ ♦❜t✐❡♥❡ ❡♥ ✭✸✳✽✮ ❧❛ s✐❣✉✐❡♥t❡ ✐❞❡♥t✐❞❛❞✿
p˙i(s) = −∂F
∂xi
(p(s), z(s), x(s))− ∂F
∂z
(p(s), z(s), x(s)), i = 1, . . . , n.
✭✸✳✾✮
✾❉❡ ✭✸✳✹✮✱ ♦❜t❡♥❡♠♦s
z˙(s) =
n∑
j=1
uxj(x(s))x˙
j(s) =
n∑
j=1
pj(s)
∂F
∂pj
(p(s), z(s), x(s)). ✭✸✳✶✵✮
P♦r ❧♦ t❛♥t♦✱ ❞❡ ✭✸✳✽✮✱ ✭✸✳✾✮ ② ✭✸✳✶✵✮ ♦❜t❡♥❡♠♦s ❡❧ s✐❣✉✐❡♥t❡ s✐st❡♠❛ ❧❧❛♠❛❞♦
❊❝✉❛❝✐♦♥❡s ❈❛r❛❝t❡ríst✐❝❛s ♣❛r❛ ❧❛ ❊❉P ❞❡ ♣r✐♠❡r ♦r❞❡♥ ♥♦ ❧✐♥❡❛❧ ✭✸✳✶✮

(a) p˙(s) = −DxF (p(s), z(s), x(s))−DzF (p(s), z(s), x(s))p(s),
(b) z˙(s) = DpF (p(s), z(s), x(s)).p(s),
(c) x˙(s) = DpF (p(s), z(s), x(s)).
✭✸✳✶✶✮
❆sí✱ ❞❡♠♦str❛♠♦s ❡❧ s✐❣✉✐❡♥t❡ t❡♦r❡♠❛✿
❚❡♦r❡♠❛ ✸✳✶✳✶✳ ✭❊str✉❝t✉r❛ ❞❡ ❧❛ ❈❛r❛❝t❡ríst✐❝❛✮ ❙❡❛ u ∈ C2(U) s♦❧✉❝✐ó♥
❞❡ ✭✸✳✶✮ ❡♥ U ✳ ❙✉♣♦♥❣❛♠♦s q✉❡ x(·) r❡s✉❡❧✈❡ ❧❛ ❊❉❖ ✭✸✳✶✶✮✭❝✮✱ ❞♦♥❞❡
p(·) = Du(x(·)), z(·) = u(x(·)).
❊♥t♦♥❝❡s✱ ♣❛r❛ ❝❛❞❛ s t❛❧ q✉❡ x(s) ∈ U ✱ p(·) r❡s✉❡❧✈❡ ❧❛ ❊❉❖ ✭✸✳✶✶✮✭❛✮ ②
z(·) r❡s✉❡❧✈❡ ❧❛ ❊❉❖ ✭✸✳✶✶✮✭❜✮✳
✸✳✷✳ ❈❛r❛❝t❡ríst✐❝❛s ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐
❊♥ ❡st❛ s❡❝❝✐ó♥✱ ❡st✉❞✐❛r❡♠♦s ❧❛ s✐❣✉✐❡♥t❡ ❡❝✉❛❝✐ó♥ ❧❧❛♠❛❞❛ ❡❝✉❛❝✐ó♥ ❞❡
❍❛♠✐❧t♦♥✲❏❛❝♦❜✐ {
ut +H(Du) = 0 ❡♥ R
n × (0,∞)
u = g ❡♥ Rn × {0}, ✭✸✳✶✷✮
❞♦♥❞❡ u : Rn × [0,∞) −→ R✱ t ∈ R✱ H : Rn −→ R ❡s ✉♥❛ ❢✉♥❝✐ó♥ ❧❧❛♠❛❞❛
❢✉♥❝✐ó♥ ❍❛♠✐❧t♦♥✐❛♥❛ ✱ Du = (ux1, . . . . . . . . . , uxn).
❉❡♥♦t❡♠♦s
G(Du, ut, u, x, t) = ut +H(Du, x) = 0, ✭✸✳✶✸✮
✶✵
❞♦♥❞❡ Du = (ux1, . . . . . . . . . , uxn)✳ ❉❡ ✭✸✳✹✮✱ ❝♦♥s✐❞❡r❛♥❞♦ q = (p, pn+1), y =
(x, t)✱ s❡ ♦❜t✐❡♥❡♥ ❧❛s s✐❣✉✐❡♥t❡s ✐❞❡♥t✐❞❛❞❡s✿
G(q, z, y) = pn+1 +H(p, x),
DqG = (DpH(p, x), 1), DyG = (DxH(p, x), 0), DzG = 0. ✭✸✳✶✹✮
▲✉❡❣♦✱ ❞❡ ✭✸✳✶✶✮(c) ② ✭✸✳✶✹✮ ♦❜t❡♥❡♠♦s{
x˙i(s) = ∂H
∂pi
(p(s), x(s)), (i = 1, . . . , n)
x˙n+1(s) = 1.
✭✸✳✶✺✮
❊♥ ♣❛rt✐❝✉❧❛r✱ ♣♦❞❡♠♦s ✐❞❡♥t✐✜❝❛r ❡❧ ♣❛rá♠❡tr♦ s ❝♦♥ ❡❧ t✐❡♠♣♦ t✳
❉❡ ✭✸✳✶✶✮(a)✱ s❡ t✐❡♥❡{
p˙i(s) = −∂H
∂xi
(p(s), x(s)), (i = 1, . . . , n)
p˙n+1(s) = 0.
✭✸✳✶✻✮
❆❞❡♠ás✱ ❞❡ ✭✸✳✶✶✮(b)✱ s✐❣✉❡ q✉❡
z˙(s) = DpH(p(s), x(s)).p(s) + p
n+1(s)
= DpH(p(s), x(s)).p(s)−H(p(s), x(s)). ✭✸✳✶✼✮
P♦r ❧♦ t❛♥t♦✱ ❞❡ ✭✸✳✶✻✮ ② ✭✸✳✶✼✮✱ s❡ ♦❜t✐❡♥❡ ❧❛s s✐❣✉✐❡♥t❡s ❡❝✉❛❝✐♦♥❡s ❝❛r❛❝t❡✲
ríst✐❝❛s ♣❛r❛ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐✿
(a) p˙(s) = −DxH(p(s), x(s)),
(b) z˙(s) = DpH(p(s), x(s)).p(s)−H(p(s), x(s)),
(c) x˙(s) = DpH(p(s), x(s)),
✭✸✳✶✽✮
❞♦♥❞❡✱ p(·) = (p1(·), . . . , pn(·))✱ x(·) = (x1(·), . . . , xn(·))
▲❛ ♣r✐♠❡r❛ ② t❡r❝❡r❛ ❞❡ ❡st❛s ❡❝✉❛❝✐♦♥❡s s♦♥ ❧❧❛♠❛❞❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ❍❛✲
♠✐❧t♦♥ {
x˙ = DpH(p, x),
p˙ = −DxH(p, x). ✭✸✳✶✾✮
❈❛♣ít✉❧♦ ✹
❊①✐st❡♥❝✐❛ ② ✉♥✐❝✐❞❛❞ ♣❛r❛ ❧❛ ❡❝✉❛❝✐ó♥
❞❡ ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐
✹✳✶✳ ❈á❧❝✉❧♦ ✈❛r✐❛❝✐♦♥❛❧ ♣❛r❛ ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ❍❛♠✐❧✲
t♦♥
❊♥ ❡st❛ s❡❝❝✐ó♥✱ ✈❛♠♦s ❛ ❞❡❞✉❝✐r ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ❍❛♠✐❧t♦♥ ❞❡s❞❡ ❡❧
♣✉♥t♦ ❞❡ ✈✐st❛ ✈❛r✐❛❝✐♦♥❛❧✳
❙❡❛
L : Rn × Rn −→ R
✉♥❛ ❢✉♥❝✐ó♥ s✉✜❝✐❡♥t❡♠❡♥t❡ r❡❣✉❧❛r✱ q✉❡ ❞❡ ❛❤♦r❛ ❡♥ ❛❞❡❧❛♥t❡ ❧❧❛♠❛r❡♠♦s
▲❛❣r❛♥❣✐❛♥♦ ✱ L = L(q, x) = L(q1, . . . , qn, x1, . . . , xn) (q, x ∈ Rn)✳ ❈♦♥s✐✲
❞❡r❡♠♦s ❧❛ s✐❣✉✐❡♥t❡ ♥♦t❛❝✐ó♥✿
DqL = (Lq1, . . . , Lqn)
DxL = (Lx1, . . . , Lxn)
❆❤♦r❛✱ ✜❥❡♠♦s ❞♦s ♣✉♥t♦s x, y ∈ Rn ② ✉♥ t✐❡♠♣♦ t > 0 ② s❡❛ ❡❧ s✐❣✉✐❡♥t❡
❝♦♥❥✉♥t♦ ❧❧❛♠❛❞♦ ❈♦♥❥✉♥t♦ ❞❡ ✈❛❧♦r❡s ❛❞♠✐s✐❜❧❡s✿
A = {w(·) ∈ C2([0, t];Rn);w(0) = y, w(t) = x}.
P❛r❛ w(·) = (w1(·), . . . , wn(·)) ∈ A✱ ❞❡✜♥✐♠♦s ❧❛ s✐❣✉✐❡♥t❡✧ ❛❝❝✐ó♥ ❢✉♥❝✐♦✲
♥❛❧✧
I[w(·)] =
∫ t
0
L(w˙(s), w(s))ds
(
· = d
ds
)
. ✭✹✳✶✮
✶✶
✶✷
◆✉❡str♦ ♣r♦❜❧❡♠❛ ❝♦♥s✐st✐rá ❡♥ ❡♥❝♦♥tr❛r ✉♥❛ ❝✉r✈❛ x(·) ∈ A t❛❧ q✉❡
I[x(·)] = mı´n
w(·)∈A
I[w(·)] ✭✹✳✷✮
❊♥ ❡❧ ❝❛s♦ ❞❡ ❡①✐st✐r✱ ❞✐❝❤❛ ❝✉r✈❛ s❛t✐❢❛❝❡
❚❡♦r❡♠❛ ✹✳✶✳✶✳ ✭❊❝✉❛❝✐ó♥ ❞❡ ❊✉❧❡r✲▲❛❣r❛♥❣❡✮✳ ▲❛ ❢✉♥❝✐ó♥ x(·) ❡s s♦✲
❧✉❝✐ó♥ ❞❡❧ ✧ s✐st❡♠❛ ❞❡ ❡❝✉❛❝✐♦♥❡s ❞❡ ❊✉❧❡r✲▲❛❣r❛♥❣❡✧
− d
ds
(DqL(x˙(s), x(s))) +DxL(x˙(s), x(s)) = 0. ✭✹✳✸✮
❉❡♠♦str❛❝✐ó♥✳ ❙❡❛ v : [0, t] −→ Rn s✉✜❝✐❡♥t❡♠❡♥t❡ r❡❣✉❧❛r✱ t❛❧ q✉❡ v(0) =
v(t) = 0✳ P❛r❛ τ ∈ R✱ ❞❡✜♥✐♠♦s ❧❛ ❢✉♥❝✐ó♥
ω(·) := x(·) + τv(·). ✭✹✳✹✮
❈❧❛r❛♠❡♥t❡✱ ω ∈ A ②✱ ♣♦r ❞❡✜♥✐❝✐ó♥ ❞❡ x✱ ♦❜t❡♥❡♠♦s
I[x(·)] ≤ I[ω(·)].
❆sí✱ ❧❛ ❢✉♥❝✐ó♥ ❞❡✜♥✐❞❛ ♣♦r
i(τ) := I[x(·) + τω(·)] =
∫ t
0
L(x˙(s) + τ v˙(s), x(s) + τv(s))ds ✭✹✳✺✮
❛❧❝❛♥③❛ ✉♥ ♠í♥✐♠♦ ❡♥ τ = 0✳ P♦r ❧❛ r❡❣❧❛ ❞❡ ▲❡✐❜♥✐③ s❡ t✐❡♥❡ q✉❡
i′(τ)
=
∫ t
0
[DqL(x˙(s) + τ v˙(s), x(s) + τv(s)) · v˙(s) +DxL(x˙(s) + τ v˙(s), x(s) + τv(s)) · v(s)] ds.
▲✉❡❣♦✱
0 = i′(0) =
∫ t
0
[DqL(x˙(s), x(s)) · v˙(s) +DxL(x˙(s), x(s)) · v(s)] ds. ✭✹✳✻✮
■♥t❡❣r❛♥❞♦ ♣♦r ♣❛rt❡s ② t❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥t❛ q✉❡ v(0) = v(t) = 0 r❡s✉❧t❛∫ t
0
[DqL(x˙(s), x(s)) · v˙(s)] ds =
n∑
i=1
∫ t
0
[DqiL(x˙(s), x(s))v˙i(s)] ds
=
n∑
i=1
∫ t
0
(
− d
ds
DqiL(x˙(s), x(s))
)
vi(s)ds =
∫ t
0
(
− d
ds
DqL(x˙(s), x(s))
)
· v(s)ds.
✶✸
❘❡❡♠♣❧❛③❛♥❞♦ ❡st❛ ✐❞❡♥t✐❞❛❞ ❡♥ ✭✹✳✻✮ s✐❣✉❡ q✉❡
0 =
∫ t
0
(
− d
ds
DqL(x˙(s), x(s)) +DxL(x˙(s), x(s))
)
· v(s)ds,
♣❛r❛ t♦❞❛ ❢✉♥❝✐ó♥ v : [0, t] −→ Rn s✉✜❝✐❡♥t❡♠❡♥t❡ r❡❣✉❧❛r✳ P♦r ❧♦ t❛♥t♦✱ s❡
♦❜t✐❡♥❡ ✭✹✳✸✮✳
❖❜s❡r✈❛❝✐ó♥ ✹✳✶✳✶✳ ❆ ❝❛❞❛ ♠✐♥✐♠✐③❛❞♦r x(·) ∈ A ❞❡ I[·]✱ s♦❧✉❝✐ó♥ ❞❡
✭✹✳✸✮✱ ❧♦ ❧❧❛♠❛r❡♠♦s ✧ ♣✉♥t♦ ❝rít✐❝♦ ❞❡ I[·]✧ ✳ ❆sí✱ ❝❛❞❛ ♠✐♥✐♠✐③❛❞♦r ❡s ♣✉♥t♦
❝rít✐❝♦ ♣❡r♦ ♥♦ ♥❡❝❡s❛r✐❛♠❡♥t❡ t♦❞♦ ♣✉♥t♦ ❝rít✐❝♦ ❡s ♠✐♥✐♠✐③❛❞♦r✳
✹✳✷✳ ❊q✉✐✈❛❧❡♥❝✐❛ ❡♥tr❡ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❊✉❧❡r✲▲❛❣r❛♥❣❡
② ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ❍❛♠✐❧t♦♥
❆❤♦r❛✱ ❝♦♥✈❡rt✐r❡♠♦s ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❊✉❧❡r✲▲❛❣r❛♥❣❡ ✭✹✳✸✮ ❛❧ s✐st❡♠❛ ❞❡
❡❝✉❛❝✐♦♥❡s ❞❡ ❍❛♠✐❧t♦♥ ✭✸✳✶✾✮✱ ✉t✐❧✐③❛♥❞♦ ❧♦s ♠✐♥✐♠✐③❛❞♦r❡s x(·) ∈ A✱ ❞❛❞❛s
❡♥ ❧❛ ♦❜s❡r✈❛❝✐ó♥ ✹✳✶✳✶✱ ❧❛s ❝✉❛❧❡s s✉♣♦♥❞r❡♠♦s q✉❡ s♦♥ ❞❡ ❝❧❛s❡ C2✳
❙❡❛
p(s) := DqL(x˙(s)), x(s)) 0 ≤ s ≤ t; ✭✹✳✼✮
p(·) ❡s ❧❧❛♠❛❞♦ ✐♠♣✉❧s♦ ❣❡♥❡r❛❧✐③❛❞♦ ❡♥ ❧❛ ♣♦s✐❝✐ó♥ x(·) ② ✈❡❧♦❝✐❞❛❞ x˙(·)✳
❈♦♥s✐❞❡r❡♠♦s ❧❛s s✐❣✉✐❡♥t❡s ❤✐♣ót❡s✐s ✐♠♣♦rt❛♥t❡s✿
❙✉♣♦♥❣❛♠♦s q✉❡ ♣❛r❛ t♦❞♦ x, p ∈ Rn, ❧❛ ❡❝✉❛❝✐ó♥
p = DqL(q, x),
♣✉❡❞❡ s❡r r❡s✉❡❧t❛ ❞❡ ♠❛♥❡r❛ ú♥✐❝❛ ♣❛r❛
q = q(p, x), s✉✜❝✐❡♥t❡♠❡♥t❡ r❡❣✉❧❛r.
✭✹✳✽✮
❉❡❢✐♥✐❝✐ó♥ ✹✳✷✳✶✳ ❊❧ ❍❛♠✐❧t♦♥✐❛♥♦ H ❛s♦❝✐❛❞♦ ❛❧ ▲❛❣r❛♥❣✐❛♥♦ L ❡s ❞❛❞♦
♣♦r
H(p, x) = p.q(p, x)− L(q(p, x), x) (x, p ∈ Rn), ✭✹✳✾✮
❞♦♥❞❡ ❧❛ ❢✉♥❝✐ó♥ q(·, ·) ❡stá ❞❡✜♥✐❞❛ ✐♠♣❧í❝✐t❛♠❡♥t❡ ♣♦r ✭✹✳✽✮✳
❊❥❡♠♣❧♦ ✹✳✷✳✶✳ ❊❧ ❍❛♠✐❧t♦♥✐❛♥♦ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛❧ ▲❛❣r❛♥❣✐❛♥♦
L(q, x) =
m|q|2
2
− f(x),
✶✹
❞♦♥❞❡ m > 0 ❡s ❞❛❞♦ ♣♦r
H(p, x) =
m|q|2
2
+ f(x).
❆❤♦r❛✱ ❡s❝r✐❜✐r❡♠♦s ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ❊✉❧❡r✲▲❛❣r❛♥❣❡ ❡♥ tér♠✐♥♦s ❞❡ p(·) ②
x(·)✿
❚❡♦r❡♠❛ ✹✳✷✳✶✳ ✭❉❡r✐✈❛❝✐ó♥ ❞❡ ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ❍❛♠✐❧t♦♥✮✳ ▲❛s
❢✉♥❝✐♦♥❡s x(·) ② p(·) s❛t✐s❢❛❝❡♥ ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ❍❛♠✐❧t♦♥{
x˙(s) = DpH(p(s), x(s))
p˙(s) = −DxH(p(s), x(s)). ✭✹✳✶✵✮
♣❛r❛ 0 ≤ s ≤ t✳ ❆❞❡♠ás✱ ❡❧ ♠❛♣❡♦
s 7−→ H(p(s), x(s))
❡s ❝♦♥st❛♥t❡✳
❉❡♠♦str❛❝✐ó♥✳ ❉❡ ✭✹✳✼✮ ② ✭✹✳✽✮ s✐❣✉❡ q✉❡ x˙(s) = q(p(s), x(s))✳ ▲✉❡❣♦✱ ✉t✐❧✐✲
③❛♥❞♦ ✭✹✳✼✮ ♦❜t❡♥❡♠♦s✿
DxH(p, x) = p ·Dxq(p, x)−DqL(q(p, x), x) ·Dxq(p, x)−DxL(q(p, x), x)
= (p−DqL(q(p, x), x)) ·Dxq(p, x)−DxL(q(p, x), x)
= −DxL(q(p, x), x) = −DxL(x˙(s), x(s)).
P♦r ❡❧ ❚❡♦r❡♠❛ ✹✳✶✳✶ s❡ ♦❜t✐❡♥❡ q✉❡
DxH(p(s), x(s)) = −DxL(x˙(s), x(s)) = − d
ds
DqL(x˙(s), x(s)) = −p˙(s).
❆sí✱ ♦❜t❡♥❡♠♦s ❧❛ s❡❣✉♥❞❛ ❡❝✉❛❝✐ó♥ ❞❡ ✭✹✳✶✵✮✳ ▲❛ ♣r✐♠❡r❛ ❡❝✉❛❝✐ó♥ s✐❣✉❡ ❞❡
♠❛♥❡r❛ s✐♠✐❧❛r ✉s❛♥❞♦ ✭✹✳✽✮✿
DpH(p, x) = q(p, x) + p ·Dpq(p, x)−DqL(q(p, x), x) ·Dpq(p, x)
= q(p, x) + (p−DqL(q(p, x), x)) ·Dpq(p, x)
= q(p, x) = x˙(s).
✶✺
❋✐♥❛❧♠❡♥t❡✱ ❞❡ ❧♦ ❛♥t❡r✐♦r s❡ t✐❡♥❡ q✉❡
d
ds
H(p(s), x(s)) = DpH(p(s), x(s)) · p˙(s) +DxH(p(s), x(s)) · x˙(s)
= DpH(p(s), x(s)) · (−DxH(p(s), x(s))) +DxH(p(s), x(s)) ·DpH(p(s), x(s))
= 0.
✹✳✸✳ ❊①✐st❡♥❝✐❛ ❞❡ s♦❧✉❝✐ó♥ ♣❛r❛ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❍❛♠✐❧t♦♥✲
❏❛❝♦❜✐
❆❤♦r❛✱ ✐♥t❡♥t❛r❡♠♦s ❡st❛❜❧❡❝❡r ✉♥❛ r❡❧❛❝✐ó♥ ❡♥tr❡ ❧❛ ❊❉P ❞❡ ❍❛♠✐❧t♦♥✲
❏❛❝♦❜✐ ② ❡❧ ♣r♦❜❧❡♠❛ ❞❡ ✈❛r✐❛❝✐♦♥❡s ✭✹✳✶✮✲✭✹✳✸✮✳ P❛r❛ s✐♠♣❧✐✜❝❛r ❧♦s ❝á❧❝✉❧♦s✱
s✉♣♦♥❣❛♠♦s q✉❡ ❡❧ ❍❛♠✐❧t♦♥✐❛♥♦ ❞❡♣❡♥❞❛ só❧♦ ❞❡ p✱ ❡s ❞❡❝✐r✱ H = H(p)✳
✹✳✸✳✶✳ ▲❛ ❚r❛♥s❢♦r♠❛❞❛ ❞❡ ▲❡❣❡♥❞r❡
❙✉♣♦♥❣❛♠♦s q✉❡ ❡❧ ▲❛❣r❛♥❣✐❛♥♦ L : Rn −→ R s❛t✐s❢❛❝❡ ❧❛s s✐❣✉✐❡♥t❡s
❝♦♥❞✐❝✐♦♥❡s✿
❡❧ ♠❛♣❡♦ q 7−→ L(q) ❡s ❝♦♥✈❡①♦ ✭✹✳✶✶✮
②
l´ım
|q|−→∞
L(q)
|q| = ∞. ✭✹✳✶✷✮
❙✐❡♥❞♦ L ❝♦♥✈❡①♦✱ ❡♥t♦♥❝❡s✱ L ❡s ❝♦♥t✐♥✉♦✳
❉❡❢✐♥✐❝✐ó♥ ✹✳✸✳✶✳ ❉❡✜♥✐♠♦s ❧❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ▲❡❣❡♥❞r❡ ❞❡ ▲✱ ❝♦♠♦
L∗(p) = sup
q∈Rn
{p · q − L(q)}. ✭✹✳✶✸✮
P♦r ❧♦ t❛♥t♦✱ ❞❡ ❛❤♦r❛ ❡♥ ❛❞❡❧❛♥t❡✱ ❡s❝r✐❜✐r❡♠♦s
H = L∗. ✭✹✳✶✹✮
✶✻
❆sí✱ ❞❡ ✭✹✳✶✸✮✱ ♣♦❞❡♠♦s ♦❜t❡♥❡r ❡❧ ❍❛♠✐❧t♦♥✐❛♥♦ H ❞❡❧ ▲❛❣r❛♥❣✐❛♥♦ ▲✳
❆❤♦r❛ ❤❛❝❡♠♦s ❧❛ ♣r❡❣✉♥t❛ ✐♥✈❡rs❛✿ ❞❛❞❛ H✱ ➽❝ó♠♦ ❝❛❧❝✉❧❛♠♦s L❄
❚❡♦r❡♠❛ ✹✳✸✳✶✳ ✭❉✉❛❧✐❞❛❞ ❝♦♥✈❡①❛ ❞❡❧ ❍❛♠✐❧t♦♥✐❛♥♦ ② ❡❧ ▲❛❣r❛♥✲
❣✐❛♥♦✮✳
❙✉♣♦♥❣❛♠♦s q✉❡ L s❛t✐s❢❛❝❡ ✭✹✳✶✶✮ ② ✭✹✳✶✷✮ ② ❞❡✜♥✐♠♦s H ♠❡❞✐❛♥t❡ ✭✹✳✶✸✮
② ✭✹✳✶✹✮✳
✭✐✮ ❊♥t♦♥❝❡s✱ ❡❧ ♠❛♣❡♦
p 7−→ H(p)
❡s ❝♦♥✈❡①♦ ②
l´ım
|p|−→∞
H(p)
|p| = +∞.
✭✐✐✮ ❆❞❡♠ás✱
L = H∗. ✭✹✳✶✺✮
❖❜s❡r✈❛❝✐ó♥ ✹✳✸✳✶✳ ❆sí✱ H ❡s ❧❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ▲❡❣❡♥❞r❡ ❞❡ L ② ✈✐❝❡✈❡r✲
s❛✿
L = H∗, H∗ = L.
❉❡❝✐♠♦s q✉❡ H ② L s♦♥ ❢✉♥❝✐♦♥❡s ❞✉❛❧❡s ❝♦♥✈❡①❛s✳
❉❡♠♦str❛❝✐ó♥✳ ✭✐✮ ❙❡❛♥ τ ∈ [0, 1] ② p1, p2 ∈ Rn✳ ❊♥t♦♥❝❡s✱
H(τp1 + (1− τ)p2) = L∗(τp1 + (1− τ)p2) = sup
q∈Rn
{(τp1 + (1− τ)p2) · q − L(q)}
≤ τ sup
q∈Rn
{p1 · q − L(q)}+ (1− τ) sup
q∈Rn
{2p · q − L(q)}
=τH(p1) + (1− τ)H(p2).
✶✼
P♦r ❧♦ t❛♥t♦✱ H ❡s ✉♥ ♠❛♣❡♦ ❝♦♥✈❡①♦✳ ❆❤♦r❛✱ t♦♠❡♠♦s p 6= 0 ② λ > 0✳ P❛r❛
q0 = λ
p
|p| ♦❜t❡♥❡♠♦s✱
H(p) = sup
q∈Rn
{p · q − L(q)} ≥ λ|p| − L
(
λ
p
|p|
)
≥ λ|p| − ma´x
q∈B(0,λ)
L(q).
❆sí✱
l´ım inf
|p|−→∞
H(p)
|p| ≥ λ.
❉❡s❞❡ q✉❡ λ > 0 ❡s ❛r❜✐tr❛r✐♦✱ s❡ t✐❡♥❡ q✉❡
l´ım
|p|−→∞
H(p)
|p| = +∞.
✭✐✐✮ ❉❡ ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡ ❧❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ▲❡❣❡♥❞r❡ s✐❣✉❡ q✉❡✱ ♣❛r❛ t♦❞♦
p, q ∈ Rn✿
H(p) + L(q) ≥ p · q,
❡♥ ♣❛rt✐❝✉❧❛r✱
L(q) ≥ sup
p∈Rn
{p · q −H(p)} = H∗(q).
P♦r ♦tr♦ ❧❛❞♦
H∗(q) = L∗∗(q) = sup
p∈Rn
{p · q − L∗(p)} = sup
p∈Rn
{p · q − sup
r∈Rn
{p · r − L(r)}}
= sup
p∈Rn
{
ı´nf
r∈Rn
{p · (q − r) + L(r)}
}
✭✹✳✶✻✮
❙✐❡♥❞♦ L ❝♦♥✈❡①❛✱ ♣♦r ❡❧ ❚❡♦r❡♠❛ ✷✳✵✳✸✱ ❡①✐st❡ s ∈ Rn t❛❧ q✉❡
L(r) ≥ L(q) + s · (r − q).
❋✐♥❛❧♠❡♥t❡✱ ♣❛r❛ p = s ❡♥ ✭✹✳✶✻✮ s❡ ♦❜t✐❡♥❡ q✉❡
H∗(q) ≥ ı´nf
r∈Rn
{s · (q − r) + L(r)} ≥ L(q).
✶✽
✹✳✸✳✷✳ ❋ór♠✉❧❛ ❞❡ ❍♦♣❢✲▲❛①
❘❡t♦r♥❛♥❞♦ ❛❧ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r ✐♥✐❝✐❛❧ ✭✸✳✶✷✮✱ ♦❜❥❡t✐✈♦ ❞❡ ♥✉❡str♦ ❡st✉❞✐♦✱
♣❛r❛ t > 0 ② x ∈ Rn✱ tr❛t❛r❡♠♦s ❞❡ ♠✐♥✐♠✐③❛r ❧❛ ❛❝❝✐ó♥∫ t
0
L(w˙(s))ds,
s♦❜r❡ ❡❧ ❝♦♥❥✉♥t♦ ❞❡ ❢✉♥❝✐♦♥❡s w : [0, t] −→ Rn q✉❡ s❛t✐s❢❛❝❡♥ w(t) = 0✳
P❡r♦✱ ➽q✉é ✈❛❧♦r ❞❡❜❡rí❛ t❡♥❡r ✇✭✵✮❄ ❈♦♠♦ ❞❡ ❛❧❣✉♥❛ ♠❛♥❡r❛ ❞❡❜❡♠♦s t❡♥❡r
❡♥ ❝✉❡♥t❛ ❧❛ ❝♦♥❞✐❝✐ó♥ ✐♥✐❝✐❛❧ ❞❡ ♥✉❡str❛ ❊❉P✱ ✈❛♠♦s ❛ ♠♦❞✐✜❝❛r ❧❛ ❛❝❝✐ó♥
✐♥❝❧✉②❡♥❞♦ ✉♥❛ ❢✉♥❝✐ó♥ g ❡✈❛❧✉❛❞❛ ❡♥ w(0)✿∫ t
0
L(w˙(s))ds+ g(w(0))
❆❤♦r❛✱ ✈❛♠♦s ❛ ❝♦♥str✉✐r ✉♥ ❝❛♥❞✐❞❛t♦ ♣❛r❛ s♦❧✉❝✐ó♥ ❞❡❧ ♣r♦❜❧❡♠❛ ❞❡
✈❛❧♦r ✐♥✐❝✐❛❧ ❞❡ ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐ ✭✸✳✶✷✮✱ ❡♥ tér♠✐♥♦s ❞❡❧ ♣r✐♥❝✐♣✐♦ ✈❛r✐❛❝✐♦♥❛❧
q✉❡ ✐♠♣❧✐q✉❡ ❧❛ ❛❝❝✐ó♥ ♠♦❞✐✜❝❛❞❛✳
❉❡✜♥✐♠♦s
u(x, t) := inf{
∫ t
0
L(w˙(s))ds+ g(y);w(0) = y, w(t) = x}, ✭✹✳✶✼✮
❡❧ í♥✜♠♦ ❞❡ t♦❞❛s ❧❛s w(·) ❞❡ ❝❧❛s❡ C1 ❝♦♥ w(t) = x✳
■♥✈❡st✐❣❛r❡♠♦s ❛❤♦r❛ ❧❛ r❛③ó♥ ♣♦r ❧❛ q✉❡ ❞❡✜♥✐♠♦s ❧❛ ❢✉♥❝✐ó♥ u(x, t) ❞❡ ❡st❛
♠❛♥❡r❛ ② s✐ ❡s s♦❧✉❝✐ó♥ ❞❡ ✭✸✳✶✷✮✳ ❘❡❝♦r❞❡♠♦s q✉❡ H ❡s s✉✜❝✐❡♥t❡♠❡♥t❡
r❡❣✉❧❛r✳ ❆❞❡♠ás✱ s❛t✐s❢❛❝❡ p 7−→ H(p) ❡s ❝♦♥✈❡①♦,l´ım|p|−→∞ H(p)|p| = +∞. ✭✹✳✶✽✮
❉❡ ❛q✉í ❡♥ ❛❞❡❧❛♥t❡✱ s✉♣♦♥❞r❡♠♦s q✉❡✿
g : Rn −→ R ❡s ❧✐♣s❝❤✐t③ ❝♦♥t✐♥✉❛, ✭✹✳✶✾✮
❡s ❞❡❝✐r✱
Lip(g) := supx,y∈Rn
x 6=y
|g(x)− g(y)|
|x− y| <∞.
▲♦ ♣r✐♠❡r♦ q✉❡ ✈❛♠♦s ❤❛❝❡r ❡s s✐♠♣❧✐✜❝❛r ❧❛ ❡❝✉❛❝✐ó♥ ♣❛r❛ ❧❛ ❢✉♥❝✐ó♥ u(x, t)
❞❡✜♥✐❞❛ ❡♥ ✭✹✳✶✼✮✳ ❙❡ ♦❜t✐❡♥❡ ❡❧ s✐❣✉✐❡♥t❡ r❡s✉❧t❛❞♦✳
✶✾
❚❡♦r❡♠❛ ✹✳✸✳✷✳ ✭❋ór♠✉❧❛ ❞❡ ❍♦♣❢✲▲❛①✮ ❙❡❛♥ x ∈ Rn ② t > 0✳ ❊♥t♦♥❝❡s✱
❧❛ s♦❧✉❝✐ó♥ u(x, t) ❞❡❧ ♣r♦❜❧❡♠❛ ✭✹✳✶✼✮ ❡s ❞❛❞❛ ♣♦r
u(x, t) = mı´n
y∈Rn
{tL(x− y
t
) + g(y)}. ✭✹✳✷✵✮
❉❡♠♦str❛❝✐ó♥✳ P❛r❛ ❝❛❞❛ y ∈ Rn ❞❡✜♥✐♠♦s
w(s) := y +
s
t
(x− y), 0 ≤ s ≤ t.
▲✉❡❣♦✱ ∫ t
0
L(w˙(s))ds = tL
(
x− y
t
)
.
❆sí✱ ❞❡ ✭✹✳✶✼✮✱ ♦❜t❡♥❡♠♦s
u(x, t) ≤ tL(x− y
t
) + g(y),
❡s ❞❡❝✐r✱
u(x, t) ≤ ı´nf
y∈Rn
{tL(x− y
t
) + g(y)}. ✭✹✳✷✶✮
P♦r ♦tr♦ ❧❛❞♦✱ s✐ w(·) ❡s ❞❡ ❝❧❛s❡ C1 ❝♦♥ w(t) = x✱ ❞❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❞❡
❏❡♥s❡♥✱ s❡ ♦❜t✐❡♥❡ q✉❡
L
(
1
t
∫ t
0
L(w˙(s))ds
)
≤ 1
t
∫ t
0
L(w˙(s))ds. ✭✹✳✷✷✮
❚♦♠❛♥❞♦ y = w(0)✱ ♦❜t❡♥❡♠♦s ❡♥ ✭✹✳✷✷✮ ❧❛ s✐❣✉✐❡♥t❡ ❞❡s✐❣✉❛❧❞❛❞✿
tL(
x− y
t
) + g(y) ≤
∫ t
0
L(w˙(s))ds+ g(y).
▲✉❡❣♦✱
ı´nf
y∈Rn
{tL(x− y
t
) + g(y)} ≤ u(x, t). ✭✹✳✷✸✮
P♦r ❧♦ t❛♥t♦✱ ❞❡ ✭✹✳✷✶✮ ② ✭✹✳✷✸✮ r❡s✉❧t❛
u(x, t) = ı´nf
y∈Rn
{tL(x− y
t
) + g(y)}. ✭✹✳✷✹✮
✷✵
❈♦♥ ❧❛ ✜♥❛❧✐❞❛❞ ❞❡ ❞❡♠♦str❛r q✉❡ ❡❧ í♥✜♠♦ ❡s r❡❛❧♠❡♥t❡ ❡❧ ♠í♥✐♠♦✱ t♦♠❛♥❞♦
y = x ❡♥ ✭✹✳✷✹✮ s❡ ♦❜t✐❡♥❡ q✉❡
u(x, t) ≤ tL(0) + g(x). ✭✹✳✷✺✮
❉❡ ✭✹✳✶✷✮✱ ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ A✱ t❛❧ q✉❡
L(q) ≥ 2(Lip(g) + 1)|q|, ♣❛r❛ t♦❞♦ |q| ≥ A.
▲✉❡❣♦✱ s✐ | x − y |≥ tA✱ ❞❡ ✭✹✳✷✺✮ ② ❞❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❛rr✐❜❛ ♦❜t❡♥❡♠♦s ❧❛
s✐❣✉✐❡♥t❡ ❡st✐♠❛t✐✈❛✿
tL(
x− y
t
) + g(y) ≥ 2(Lip(g) + 1)|x− y|+ g(y)
≥ (Lip(g) + 2)|x− y|+ g(x)
≥ (Lip(g) + 2)|x− y| − tL(0) + u(x, t). ✭✹✳✷✻✮
❋✐♥❛❧♠❡♥t❡✱ ❞❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❛♥t❡r✐♦r✱ ♣❛r❛ | x− y |≥ tB✱ ❞♦♥❞❡
B = ma´x
{
A,
L(0)
Lip(g) + 1
}
,
r❡s✉❧t❛
tL(
x− y
t
) + g(y) ≥ +u(x, t),
♦❜t❡♥✐❡♥❞♦s❡ ✭✹✳✷✵✮✳
❆❤♦r❛ ❡st✉❞✐❛r❡♠♦s ✈❛r✐❛s ♣r♦♣✐❡❞❛❞❡s ♣❛r❛ ❧❛ ❢✉♥❝✐ó♥ u ❞❡✜♥✐❞❛ ❡♥ ✭✹✳✷✵✮✳
▲❡♠❛ ✹✳✸✳✶✳ ✭■❞❡♥t✐❞❛❞ ❢✉♥❝✐♦♥❛❧✮✳ P❛r❛ ❝❛❞❛ x ∈ Rn ② 0 ≤ s ≤ t✱
t❡♥❡♠♦s
u(x, t) = mı´n
y∈Rn
{
(t− s)L
(
x− y
t− s
)
+ u(y, s)
}
. ✭✹✳✷✼✮
❉❡♠♦str❛❝✐ó♥✳ ❋✐❥❛♠♦s y ∈ Rn0 ≤ s ≤ t ② ❡s❝♦❣❡♠♦s z ∈ Rn t❛❧ q✉❡
u(y, s) = sL
(
y − z
s
)
+ g(z). ✭✹✳✷✽✮
✷✶
❈♦♠♦
x− z
t
=
(
1− s
t
)(x− y
t− s
)
+
s
t
(
y − z
s
)
,
② s✐❡♥❞♦ L ❝♦♥✈❡①♦✱ s❡ ♦❜t✐❡♥❡
L
(
x− z
t
)
≤
(
1− s
t
)
L
(
x− y
t− s
)
+
s
t
L
(
y − z
s
)
.
❆sí✱ ❞❡ ✭✹✳✷✵✮✱ ✭✹✳✷✽✮ ② ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❛♥t❡r✐♦r✱ ♦❜t❡♥❡♠♦s ♣❛r❛ t♦❞♦ y ∈ Rn
u(x, t) ≤ tL
(
x− z
t
)
+ g(z) ≤ (t− s)L
(
x− y
t− s
)
+ sL
(
y − z
s
)
+ g(z)
= (t− s)L
(
x− y
t− s
)
+ u(y, s). ✭✹✳✷✾✮
❆✜r♠❛❝✐ó♥✿ ❊❧ ♠❛♣❡♦
y 7−→ u(y, s) ✭✹✳✸✵✮
❡s ❝♦♥t✐♥✉♦✳
❙✉♣♦♥❣❛♠♦s ♣r♦❜❛❞❛ ❧❛ ❛✜r♠❛❝✐ó♥✳ ❊♥t♦♥❝❡s✱ ❞❡ ✭✹✳✷✾✮ s❡ t✐❡♥❡ q✉❡
u(x, t) ≤ mı´n
y∈Rn
{
(t− s)L
(
x− y
t− s
)
+ u(y, s)
}
. ✭✹✳✸✶✮
❆❤♦r❛✱ ❡❧❡❣✐♠♦s w t❛❧ q✉❡
u(x, t) = tL
(
x− w
t
)
+ g(w), ✭✹✳✸✷✮
② t♦♠❛♥❞♦
y =
s
t
x+ (1− s
t
)w,
s❡ ♦❜t✐❡♥❡✱
x− y
t− s =
x− w
t
=
y − w
s
.
❈♦♥s❡❝✉❡♥t❡♠❡♥t❡✱
u(x, t)− u(y, s) ≥ tL
(
x− w
t
)
+ g(w)−
[
sL
(
y − w
s
)
+ g(w)
]
= tL
(
x− w
t
)
− sL
(
y − w
s
)
= (t− s)L
(
x− y
t− s
)
. ✭✹✳✸✸✮
✷✷
P♦r ❧♦ t❛♥t♦✱ ❞❡ ✭✹✳✸✸✮ ♦❜t❡♥❡♠♦s
u(x, t) ≥ mı´n
y∈Rn
{
(t− s)L
(
x− y
t− s
)
+ u(y, s)
}
. ✭✹✳✸✹✮
❊♥ s❡❣✉✐❞❛✱ ❞❡♠♦str❛r❡♠♦s ❛ ❛✜r♠❛❝✐ó♥✳
▲❡♠❛ ✹✳✸✳✷✳ ✭▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉❛✮✳
▲❛ ❢✉♥❝✐ó♥ u ❡s ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉❛ ❡♥ Rn × [0,∞).
❆❞é♠❛s✱
u = g ❡♥ Rn × {t = 0}. ✭✹✳✸✺✮
❉❡♠♦str❛❝✐ó♥✳ ❋✐❥❛♠♦s t > 0✱ x, x ∈ Rn✱ ❡s❝♦❣❡♠♦s y ∈ Rn t❛❧ q✉❡
u(x, t) = tL
(
x− y
t
)
+ g(y).
❊♥t♦♥❝❡s✱
u(x, t)− u(x, t) = ı´nf
z∈Rn
{
tL
(
x− z
t
)
+ g(z)
}
− tL
(
x− y
t
)
− g(y)
≤ tL
(
x− (x− x− y)
t
)
+ g(x− x− y)− tL
(
x− y
t
)
− g(y)
= g(x− x− y)− g(y) ≤ Lip(g) | x− x | . ✭✹✳✸✻✮
■♥t❡r❝❛♠❜✐❛♥❞♦ x ♣♦r x✱ s❡ ♦❜t✐❡♥❡
| u(x, t)− u(x, t) |≤ Lip(g) | x− x | . ✭✹✳✸✼✮
❆❞❡♠❛s✱
u(x, t)− g(x) = mı´n
y∈Rn
{
tL
(
x− y
t
)
+ g(y)− g(x)
}
≥ mı´n
y∈Rn
{
tL
(
x− y
t
)
− Lip(g) | x− y |
}
= mı´n
z∈Rn
{tL (z)− tLip(g) | z |}
= −tma´x
z∈Rn
{Lip(g) | z | −L (z)} = −t ma´x
w∈BLip(g)(0)
ma´x
z∈Rn
{w.z − L(z)}
= −t ma´x
w∈BLip(g)(0)
H(w). ✭✹✳✸✽✮
✷✸
❆sí✱ ❞❡ ✭✹✳✷✺✮ ② ✭✹✳✸✽✮ s✐❣✉❡ q✉❡
|u(x, t)− g(x)| ≤ Ct, ✭✹✳✸✾✮
❞♦♥❞❡✱
C = ma´x
{
|L(0)|, ma´x
w∈BLip(g)(0)
H(w)
}
. ✭✹✳✹✵✮
❉❡ ✭✹✳✸✼✮✱ ♦❜t❡♥❡♠♦s✱ Lip(u(·, t)) ≤ Lip(g).
❆❤♦r❛✱ s❡❛♥ x ∈ Rn✱ 0 < t < t✳ ❚♦♠❛♥❞♦ y = x ❡♥ ✭✹✳✷✼✮✱ s❡ ♦❜t✐❡♥❡ ❧❛
s✐❣✉✐❡♥t❡ ❡st✐♠❛t✐✈❛
u(x, t) ≤ (t− t)L(0) + u(x, t). ✭✹✳✹✶✮
P♦r ♦tr❛ ♣❛rt❡✱ ❞❡ ✭✹✳✷✼✮ ② ❤❛❝✐❡♥❞♦ ❧♦s ♠✐s♠♦s ❝á❧❝✉❧♦ ♣❛r❛ ♦❜t❡♥❡r ❧❛ ❞❡✲
s✐❣✉❛❧❞❛❞ ✭✹✳✸✽✮✱ r❡s✉❧t❛
u(x, t)− u(x, t) ≥ −(t− t) ma´x
w∈BLip(g)(0)
H(w). ✭✹✳✹✷✮
P♦r ❧♦ t❛♥t♦✱ ❞❡ ✭✹✳✹✶✮ ② ✭✹✳✹✷✮ ❝♦♥❝❧✉í♠♦s q✉❡
|u(x, t)− u(x, t)| ≤ C|t− t|,
❞♦♥❞❡ C ❡s ❞❛❞♦ ♣♦r ✭✹✳✹✵✮✳
❆❤♦r❛✱ ❡❧ t❡♦r❡♠❛ ❞❡ ❘❛❞❡♠❛❝❤❡r ❛✜r♠❛ q✉❡ ✉♥❛ ❢✉♥❝✐ó♥ ❞❡ ▲✐♣s❝❤✐t③ ❡s
❞✐❢❡r❡♥❝✐❛❜❧❡ ❝❛s✐ s✐❡♠♣r❡✳ ❊♥ ❝♦♥s❡❝✉❡♥❝✐❛✱ ♣♦r ❡❧ ❧❡♠❛ ✭✹✳✸✳✷✮✱ ❧❛ ❢✉♥❝✐ó♥
❞❡✜♥✐❞❛ ♣♦r ✭✹✳✸✳✷✮✱ ❡s ❞✐r❡♥❝✐❛❜❧❡ ❝✳s✳
❊❧ s✐❣✉✐❡♥t❡ t❡♦r❡♠❛ ❛✜r♠❛ q✉❡ ❞❡ ❤❡❝❤♦ r❡s✉❡❧✈❡ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❍❛♠✐❧t♦♥✲
❏❛❝♦❜✐✱ s✐ u ❡s ❞✐❢❡r❡♥❝✐❛❜❧❡✳
❚❡♦r❡♠❛ ✹✳✸✳✸✳ ❙✉♣♦♥❣❛♠♦s q✉❡ x ∈ Rn✱ t > 0 ② u ❞❡✜♥✐❞❛ ❡♥ ❡❧ ❚❡♦r❡♠❛
✭✹✳✸✳✷✮ s❡❛ ❞✐❢❡r❡♥❝✐❛❜❧❡ ❡♥ (x, t) ∈ Rn × (0,∞)✳ ❊♥t♦♥❝❡s✱
ut(x, t) +H(Du(x, t)) = 0. ✭✹✳✹✸✮
❉❡♠♦str❛❝✐ó♥✳ ❋✐❥❡♠♦s q ∈ Rn✱ h > 0✳ ▲✉❡❣♦✱ ❡♥ ❡❧ ❧❡♠❛ ✭✹✳✸✳✶✮✱ t❡♥❡♠♦s
u(x+ hq, t+ h) = mı´n
y∈Rn
{
hL
(
x+ hq − y
h
)
+ u(y, t)
}
≤ hL(q) + u(x, t),
✷✹
②✱ ♣♦r ❧♦ t❛♥t♦✱
u(x+ hq, t+ h)− u(x, t+ h)
h
+
u(x, t+ h)− u(x, t)
h
≤ L(q).
❊st❛ ❞❡s✐❣✉❛❧❞❛❞ ❡s ✈á❧✐❞❛ ♣❛r❛ t♦❞♦ q ∈ Rn ②✱ ❞❡s❞❡ q✉❡ H = L∗✱ t♦♠❛♥❞♦
❧í♠✐t❡ ❝✉❛♥❞♦ h −→ 0+ ❡♥ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❛♥t❡r✐♦r✱ ♦❜t❡♥❡♠♦s
ut(x, t) +H(Du(x, t)) = ut(x, t) + ma´x
q∈Rn
{q.Du(x, t)− L(q)} ≤ 0. ✭✹✳✹✹✮
❆❤♦r❛✱ ❡s❝♦❣❡♠♦s z ∈ Rn✱ t❛❧ q✉❡
u(x, t) = tL
(
x− z
t
)
+ g(z),
②✱ ♣❛r❛ h > 0 ✜❥♦✱ ❝♦♥s✐❞❡r❡♠♦s
s = t− h, y = s
t
x+ (1− s
t
)z.
❊♥t♦♥❝❡s✱
x− y
t− s =
x− z
t
=
y − z
s
②✱ ♣♦r ❧♦ t❛♥t♦✱
u(x, t)− u(y, s) ≥tL
(
x− z
t
)
+ g(z)−
[
sL
(
y − z
s
)
+ g(z)
]
= (t− s)L
(
x− z
t
)
;
❡st♦ ❡s✱
u(x, t)− u((1− h
t
)x+ h
t
z, t− h)
h
≥ L
(
x− z
t
)
.
❚♦♠❛♥❞♦ ❧í♠✐t❡ ❝✉❛♥❞♦ h −→ 0+✱ s❡ ♦❜t✐❡♥❡
ut(x, t) +
x− z
t
.Du(x, t) ≥ L
(
x− z
t
)
.
✷✺
❊♥ ❝♦♥s❡❝✉❡♥❝✐❛✱
ut(x, t) +H(Du(x, t)) = ut(x, t) + ma´x
q∈Rn
{q.Du(x, t)− L(q)}
≥ ut(x, t) + x− z
t
.Du(x, t)− L
(
x− z
t
)
≥ 0. ✭✹✳✹✺✮
❉❡ ✭✹✳✹✹✮ ② ✭✹✳✹✺✮ s❡ ♦❜t✐❡♥❡ ❡❧ r❡s✉❧t❛❞♦✳
❊♥ r❡s✉♠❡♥✱ ❞❡ ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s s❡ t✐❡♥❡ ❡❧ s✐❣✉✐❡♥t❡ t❡♦r❡♠❛✳
❚❡♦r❡♠❛ ✹✳✸✳✹✳ ✭▲❛ ❋ór♠✉❧❛ ❞❡ ❍♦♣❢✲▲❛① ❝♦♠♦ s♦❧✉❝✐ó♥✮ ▲❛ ❢✉♥✲
❝✐ó♥ u ❞❡✜♥✐❞❛ ♣♦r ❧❛ ❢ór♠✉❧❛ ❞❡ ❍♦♣❢✲▲❛① ✭✹✳✷✵✮ ❡s ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉❛ ②
❞✐❢❡r❡♥❝✐❛❜❧❡ ❝✳s✳ ❡♥ Rn × (0,∞) ② r❡s✉❡❧✈❡ ❡❧ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r ✐♥✐❝✐❛❧{
ut +H(Du) = 0 ❝✳s ❡♥ R
n × (0,∞)
u = g ❡♥ Rn × {0}, ✭✹✳✹✻✮
✹✳✹✳ ❯♥✐❝✐❞❛❞ ❞❡ s♦❧✉❝✐ó♥ ♣❛r❛ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❍❛♠✐❧t♦♥✲
❏❛❝♦❜✐
✹✳✹✳✶✳ ❙❡♠✐❝♦♥❝❛✈✐❞❛❞
❈♦♠❡♥③❛r❡♠♦s ❡①❛♠✐♥❛♥❞♦ ❛❧❣✉♥❛s ♣r♦♣✐❡❞❛❞❡s ♠ás ❞❡ ❧❛ ❢ór♠✉❧❛ ❞❡
❍♦♣❢✲▲❛①✱ ❡st❛❜❧❡❝✐❡♥❞♦ ♠ás ❝♦♥❡①✐♦♥❡s ❡♥tr❡ ❧❛ ❢✉♥❝✐ó♥ u✱ ❞❡✜♥✐❞❛ ♣♦r ❧❛
❢ór♠✉❧❛ ② ❡❧ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r ✐♥✐❝✐❛❧ ❞❛❞♦✳ Pr✐♠❡r♦✱ ❞❛♠♦s ✉♥❛ ❞❡✜♥✐❝✐ó♥
❞❡ s❡♠✐❝♦♥❝❛✈✐❞❛❞✳
❉❡❢✐♥✐❝✐ó♥ ✹✳✹✳✶✳ ❉✐r❡♠♦s q✉❡ ✉♥❛ ❢✉♥❝✐ó♥ g : Rn −→ R ❡s s❡♠✐❝ó♥❝❛✈❛✱ s✐
❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ C✱ t❛❧ q✉❡ ♣❛r❛ t♦❞♦ x, z ∈ Rn✱ ❧❛ s✐❣✉✐❡♥t❡ ❞❡s✐❣✉❛❧❞❛❞
❡s s❛t✐s❢❡❝❤❛✿
g(x+ z)− 2g(x) + g(x− z) ≤ C|z|2. ✭✹✳✹✼✮
❯♥❛ ❛♠♣❧✐❛ ❞❡s❝r✐♣❝✐ó♥ ❣❡♥❡r❛❧ ❞❡ ❧❛s ❢✉♥❝✐♦♥❡s s❡♠✐❝ó♥❝❛✈❛s ② s✉s ❛♣❧✐✲
❝❛❝✐♦♥❡s s❡ ❞❛ ❡♥ ❬✺❪✳ ❊❧ tér♠✐♥♦ ✧s❡♠✐ç♦♥❝❛✈✐❞❛❞ ♣r♦✈✐❡♥❡ ❞❡ ❛❧❣✉♥❛s ❞❡ ❧❛s
♣r♦♣✐❡❞❛❞❡s ❞❡ ❧❛s ❢✉♥❝✐♦♥❡s✳ ❊❧ ❝♦r♦❧❛r✐♦ ✷✳✶✳✸ ❡♥ ❬✺❪ ❞❡♠✉❡str❛ q✉❡ ❝✉❛❧✲
q✉✐❡r ❢✉♥❝✐ó♥ s❡♠✐❝ó♥❝❛✈❛ ♣✉❡❞❡ r❡♣r❡s❡♥t❛rs❡ ❝♦♠♦ ✉♥❛ s✉♠❛ ❞❡ ✉♥❛ ❢✉♥✲
❝✐ó♥ s✉❛✈❡ ② ✉♥❛ ❢✉♥❝✐ó♥ ❝ó♥❝❛✈❛✳ P♦r ❧♦ t❛♥t♦✱ ♣❛r❛ s♦r♣r❡s❛✱ ✉♥❛ ❢✉♥❝✐ó♥
✷✻
❡str✐❝t❛♠❡♥t❡ ❝♦♥✈❡①❛✱ ❝♦♠♦ x2 s❡ ♣✉❡❞❡ ✈❡r ❝♦♠♦ ✉♥ ❡❥❡♠♣❧♦ ❞❡ ✉♥❛ ❢✉♥❝✐ó♥
s❡♠✐❝ó♥❝❛✈❛✱ q✉❡ ♥♦ ❡s ❝ó♥❝❛✈❛✳
▲❡♠❛ ✹✳✹✳✶✳ ❙❡❛ g s❡♠✐❝ó♥❝❛✈❛✳ ❊♥t♦♥❝❡s✱ ❧❛ ❢✉♥❝✐ó♥ u ❞❡✜♥✐❞❛ ♣♦r ❧❛ ❢ór✲
♠✉❧❛ ❞❡ ❍♦♣❢✲▲❛① ✭✹✳✷✵✮ ❡s s❡♠✐❝ó♥❝❛✈❛✳
❉❡♠♦str❛❝✐ó♥✳ ❊s❝♦❣❡♠♦s y ∈ Rn ✉♥ ♠✐♥✐♠✐③❛❞♦r ❡♥ ❧❛ ❢ór♠✉❧❛ ❞❡ ❍♦♣❢✲
▲❛①✱ ❡s ❞❡❝✐r✿
u(x, t) = tL
(
x− y
t
)
+ g(y).
❆❤♦r❛✱ ❡st✐♠❛♥❞♦ u(x+ z, y) ② u(x− z, t) ♠❡❞✐❛♥t❡ ❧❛ ❢ór♠✉❧❛ ❞❡ ❍♦♣❢✲▲❛①✱
♦❜t❡♥❡♠♦s
u(x+ z, t)− 2u(x, t) + u(x− z, t) ≤
[
tL
(
x+ z − (y + z)
t
)
+ g(y + z)
]
− 2
[
tL
(
x− y
t
)
+ g(y)
]
+
[
tL
(
x− z − (y − z)
t
)
+ g(y − z)
]
= g(y + z)− 2g(y) + g(y − z) ≤ C|z|2
❊❧ s❡❣✉♥❞♦ ♣❛s♦ s❡rá ❡st❛❜❧❡❝❡r ❧❛ ❝♦♥❡①✐ó♥ ❡♥tr❡ H ② u✳ ❱❛♠♦s ❛ s✉♣♦♥❡r
q✉❡ g ❡s s❡♠✐❝ó♥❝❛✈❛ ② ❝♦♥s✐❞❡r❡♠♦s H ✉♥✐❢♦r♠❡♠❡♥t❡ ❝♦♥✈❡①❛✳ ❙✉❝❡❞❡ q✉❡
❡st❛ ♣r♦♣✐❡❞❛❞ ❡s s✉✜❝✐❡♥t❡ ♣❛r❛ ❛s❡❣✉r❛r ❧❛ s❡♠✐❝♦♥❝❛✈✐❞❛❞ ❞❡ ❧❛ s♦❧✉❝✐ó♥
u ♣❛r❛ ❝✉❛❧q✉✐❡r t > 0 ✜❥♦✳ ◆✉❡✈❛♠❡♥t❡✱ ♣r✐♠❡r♦ ❞❛♠♦s ✉♥❛ ❞❡✜♥✐❝✐ó♥✳
❉❡❢✐♥✐❝✐ó♥ ✹✳✹✳✷✳ ❯♥❛ ❢✉♥❝✐ó♥ H : Rn −→ R ❝♦♥✈❡①❛✱ ❞❡ ❝❧❛s❡ C2(Rn)
❡s ❧❧❛♠❛❞❛ ✉♥✐❢♦r♠❡♠❡♥t❡ ❝♦♥✈❡①❛ ❝♦♥ ❝♦♥st❛♥t❡ θ > 0✱ s✐ ❧❛ s✐❣✉✐❡♥t❡ ❞❡✲
s✐❣✉❛❧❞❛❞ ❡s s❛t✐s❢❡❝❤❛ ♣❛r❛ t♦❞♦ p, ξ ∈ Rn✿
ξT∇2H(p)ξ ≥ θ|ξ|2. ✭✹✳✹✽✮
▲❡♠❛ ✹✳✹✳✷✳ ❙❡❛♥ H ✉♥✐❢♦r♠❡♠❡♥t❡ ❝♦♥✈❡①❛ ✭❝♦♥ ❝♦♥st❛♥t❡ θ✮ ② u ❞❡✜♥✐❞❛
♣♦r ❧❛ ❢ór♠✉❧❛ ❞❡ ❍♦♣❢✲▲❛① ✭✹✳✷✵✮✳ ❊♥t♦♥❝❡s✱
u(x+ z, t)− 2u(x, t) + u(x− z, t) ≤ 1
θt
|z|2, ✭✹✳✹✾✮
♣❛r❛ t♦❞♦ x, z ∈ Rn✱ t > 0✳
✷✼
❉❡♠♦str❛❝✐ó♥✳ ❙❡❛♥ p1, p2 ∈ Rn✳ P♦r ❧❛ ❢ór♠✉❧❛ ❞❡ ❚❛②❧♦r✱ ♦❜t❡♥❡♠♦s ❧❛s
s✐❣✉✐❡♥t❡s ✐❞❡♥t✐❞❛❞❡s✿
H(p1) = H
(
p1 + p2
2
)
+∇H
(
p1 + p2
2
)
.
(
p1 − p2
2
)
+
(
p1 + p2
2
)T
.∇2H(p̂1).
(
p1 − p2
2
)
,
H(p2) = H
(
p1 + p2
2
)
+∇H
(
p1 + p2
2
)
.
(
p2 − p1
2
)
+
(
p1 + p2
2
)T
.∇2H(p̂2).
(
p2 − p1
2
)
,
❞♦♥❞❡ p̂1 ② p̂2 s♦♥ ❧♦s ♣✉♥t♦s ♠❡❞✐♦s q✉❡ ❝♦rr❡s♣♦♥❞❡♥ ❛❧ tér♠✐♥♦ r❡st❛♥t❡
❡♥ ❧❛ ❢♦r♠❛ ❞❡ ▲❛❣r❛♥❣❡✳ ❙✉♠❛♥❞♦ ❧❛s ✐❞❡♥t✐❞❛❞❡s ❛♥t❡r✐♦r❡s ② ♣♦r ✭✹✳✹✽✮ s❡
♦❜t✐❡♥❡ q✉❡
2H
(
p1 + p2
2
)
≤ H(p1) +H(p2)− θ
4
|p1 − p2|2.
❆❤♦r❛✱ s❡❛♥ q1, q2 ∈ Rn ❛r❜✐tr❛r✐♦s✳ ❊s❝♦❣❡♠♦s p1, p2 ∈ Rn t❛❧❡s q✉❡
H(p1) = p1.q1 − L(q1), H(p2) = p2.q2 − L(q2).
❆sí✱
L(q1) + L(q2) ≤ p1.q1 + p2.q2 − 2H
(
p1 + p2
2
)
− θ
4
|p1 − p2|2. ✭✹✳✺✵✮
P♦r ❧❛ ❞❡✜♥❝✐ó♥ ❞❡ tr❛♥s❢♦r♠❛❞❛ ❞❡ ▲❡❣❡♥❞r❡✱ ♦❜t❡♥❡♠♦s
H
(
p1 + p2
2
)
≥ 1
4
(p1 + p2).(q1 + q2)− L
(
q1 + q2
2
)
. ✭✹✳✺✶✮
❈♦♠❜✐♥❛♥❞♦ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ✭✹✳✺✵✮ ② ✭✹✳✺✶✮ s❡ t✐❡♥❡
L(q1) + L(q2) ≤ 1
2
(p1 − p2).(q1 − q2) + 2L
(
q1 + q2
2
)
− θ
4
|p1 − p2|2.
✭✹✳✺✷✮
✷✽
◆♦t❛♠♦s q✉❡✱
θ
4
|p1 − p2|2 − 1
2
(p1 − p2).(q1 − q2) + 1
4θ
|q1 − q2|2
≥ θ
4
|p1 − p2|2 − 2
(√
θ
2
|p1 − p2|
)(
1
2
√
θ
|q1 − q2|
)
+
1
4θ
|q1 − q2|2
=
(√
θ
2
|p1 − p2| − 1
2
√
θ
|q1 − q2|
)2
≥ 0. ✭✹✳✺✸✮
▲✉❡❣♦✱ ❞❡ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ✭✹✳✺✷✮ ② ✭✹✳✺✸✮ ♦❜t❡♥❡♠♦s
L(q1) + L(q2) ≤ 2L
(
q1 + q2
2
)
+
1
4θ
|q1 − q2|2. ✭✹✳✺✹✮
❋✐♥❛❧♠❡♥t❡✱ ❡❧❡❣✐♠♦s y ✉♥ ♠✐♥✐♠✐③❛❞♦r ❡♥ ❧❛ ❢ór♠✉❧❛ ❞❡ ❍♦♣❢✲▲❛① ♣❛r❛
u(x, t)✱ ② ❧✉❡❣♦ ✉s❛♥❞♦ ❡❧ ♠✐s♠♦ ✈❛❧♦r ♣❛r❛ ❡st✐♠❛r u(x+ z, t) ② u(x− z, t)✱
♣❛r❛ q1 =
x+z−y
t
② q2 =
x−z−y
t
❡♥ ✭✹✳✺✹✮✱ ♦❜t❡♥❡♠♦s
u(x+ z, t)− 2u(x, t) + u(x− z, t) ≤
(
tL
(
x+ z − y
t
)
+ g(y)
)
− 2
(
tL
(
x− y
t
)
+ g(y)
)
+
(
tL
(
x− z − y
t
)
+ g(y)
)
= t
(
L
(
x+ z − y
t
)
+ L
(
x− z − y
t
)
− 2L
(
x− y
t
))
≤ t 1
4θ
∣∣∣∣2zt
∣∣∣∣2 = 1θt |z|2
✹✳✹✳✷✳ ❙♦❧✉❝✐♦♥❡s ❞é❜✐❧❡s✳ ❯♥✐❝✐❞❛❞
❊♥ ❡st❛ s❡❝❝✐ó♥✱ ❡st✉❞✐❛r❡♠♦s ❧❛ ✉♥✐❝✐❞❛❞ ❞❡ ❧❛ ❡❝✉❛❝✐♦♥ ❞❡ ❍❛♠✐❧t♦♥✲
❏❛❝♦❜✐ ✭✸✳✶✷✮✳ ❱❛♠♦s ❛ ❝♦♠❜✐♥❛r ❧♦s ❧❡♠❛s ♣r❡✈✐♦s ♣❛r❛ ✐♥tr♦❞✉❝✐r ✉♥❛ ❞❡✜✲
♥✐❝✐ó♥ ❛❞❡❝✉❛❞❛ ❞❡ s♦❧✉❝✐ó♥ ❞é❜✐❧✳
❉❡❢✐♥✐❝✐ó♥ ✹✳✹✳✸✳ ❯♥❛ ❢✉♥❝✐ó♥ u : Rn× [0,∞) −→ R ❡s ❧❧❛♠❛❞❛ s♦❧✉❝✐ó♥
❞é❜✐❧ ❞❡❧ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r ✐♥✐❝✐❛❧ ✭✸✳✶✷✮ s✐ s❛t✐s❢❛❝❡✿
✭❛✮ u(x, 0) = g(x) (x ∈ Rn),
✷✾
✭❜✮ ut(x, t) +H(Du(x, t)) = 0 ♣❛r❛ ❝❛s✐ t♦❞♦ (x, t) ∈ Rn × (0,∞),
✭❝✮ u(x+ z, t)− 2u(x, t) + u(x− z, t) ≤ C(1 + 1
t
)|z|2 ♣❛r❛ ❛❧❣✉♥❛ ❝♦♥st❛♥t❡
C ≥ 0 ② ♣❛r❛ t♦❞♦ x, z ∈ Rn✱ t > 0.
❚❡♦r❡♠❛ ✹✳✹✳✶✳ ✭❯♥✐❝✐❞❛❞ ❞❡ ❧❛s s♦❧✉❝✐♦♥❡s ❞é❜✐❧❡s✮✳
❙❡❛♥ H ❞❡ ❝❧❛s❡ C2(Rn) ② g q✉❡ s❛t✐s❢❛❝❡♥ ✭✹✳✶✽✮ ② ✭✹✳✶✾✮ r❡s♣❡❝t✐✈❛♠❡♥t❡✳
❊♥t♦♥❝❡s✱ ❡①✐st❡ ❛ ❧♦ ♠ás ✉♥❛ s♦❧✉❝✐ó♥ ❞é❜✐❧ ♣❛r❛ ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✶✷✮✳
❉❡♠♦str❛❝✐ó♥✳ ❙✉♣♦♥❣❛♠♦s q✉❡ u1 ② u2 s❡❛♥ ❞♦s s♦❧✉❝✐♦♥❡s ❞❡ ✭✸✳✶✷✮✱ ❡s❝r✐✲
❜✐r❡♠♦s w = u1 − u2 ② t♦♠❡♠♦s ✉♥ ♣✉♥t♦ (y, s) ❞♦♥❞❡ u1 ② u2 s♦♥ ❞✐❢❡r❡♥✲
❝✐❛❜❧❡s✳ ▲✉❡❣♦✱
wt(y, s) = u1,t(y, s)− u2,t(y, s) = −H(Du1(y, s)) +H(Du2(y, s))
= −
∫ 1
0
d
dr
H(rDu1(y, s) + (1− r)Du2(y, s))dr
= −
∫ 1
0
DpH(rDu1(y, s) + (1− r)Du2(y, s))dr.(Du1(y, s)−Du2(y, s))
== −b(y, s).Dw(y, s) ✭✹✳✺✺✮
❞♦♥❞❡✱
b(y, s) :=
∫ 1
0
DpH(rDu1(y, s) + (1− r)Du2(y, s))dr.
❈♦♥s❡❝✉❡♥t❡♠❡♥t❡✱ ❞❡ ✭✹✳✺✺✮✱ ♦❜t❡♥❡♠♦s
wt(y, s) + b(y, s).Dw(y, s) = 0 ❝✳s. ✭✹✳✺✻✮
❙❡❛ ϕ : R −→ [0,∞ > ✉♥❛ ❢✉♥❝✐ó♥ s✉✜❝✐❡♥t❡♠❡♥t❡ r❡❣✉❧❛r✳
❉❡♥♦t❡♠♦s
v(t) := ϕ(w(t)) ≥ 0.
▼✉❧t✐♣❧✐❝❛♥❞♦ ♣♦r ϕ′(w) ❛ ❧❛ ✐❞❡♥t✐❞❛❞ ❛♥t❡r✐♦r r❡s✉❧t❛
vt + bDv = ϕ
′(w)wt(y, s) + b(y, s).(ϕ′(w)Dw(y, s)) = 0 ❝✳s. ✭✹✳✺✼✮
❙❡❛ ǫ > 0 ❛r❜✐tr❛r✐♦ ② ηǫ : R
n × (0,∞) −→ R ❛♣r♦①✐♠❛❝✐ó♥ ❛ ❧❛ ✉♥✐❞❛❞
❡stá♥❞❛r ✭st❛♥❞❛r❞ ♠♦❧❧✐✜❡r✮ ❡♥ ❧❛ ✈❛r✐❛❜❧❡s x ② t✳
❉❡♥♦t❡♠♦s ♣♦r
uǫi := ηǫ ∗ ui (❛♣r♦①✐♠❛❝✐ó♥ ❞❡ ui, i = 1, 2.)
✸✵
❆❤♦r❛✱ ✈❛♠♦s ❛ ❡st❛❜❧❡❝❡r ❛❧❣✉♥♦s ❤❡❝❤♦s✱ ✉s❛♥❞♦ ❧❛s ♣r♦♣✐❡❞❛❞❡s ❞❡ ❝♦♥✈♦✲
❧✉❝✐ó♥✳ Pr✐♠❡r♦✱ ❞❡s❞❡ q✉❡ uǫi ∈ C∞✱ ❡♥t♦♥❝❡s Duǫi ❡①✐st❡ ②✱ ❛❞❡♠ás✱ s✐❡♥❞♦
ui ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉❛✱ ♦❜t❡♥❡♠♦s✿∣∣∣∣uǫi(x+ he, t)− uǫi(x, t)h
∣∣∣∣
=
∣∣∣∣∫
Rn×(0,∞)
ηǫ(y, r)
(
ui(x+ he− y, t− r)− ui(x− y, t− r)
h
)
dydr
∣∣∣∣
≤
∫
Rn×(0,∞)
ηǫ(y, r)
∣∣∣∣ui(x+ he− y, t− r)− ui(x− y, t− r)h
∣∣∣∣ dydr
≤ Lip(ui)|e|
∫
Rn
ηǫ(y, r)dy = Lip(ui),
❞♦♥❞❡ ❛q✉í✱ e ❞❡♥♦t❛ ✉♥ ✈❡❝t♦r ✉♥✐t❛r✐♦✳ ❚♦♠❛♥❞♦ ❧í♠✐t❡ ❝✉❛♥❞♦ h −→ 0✱ s❡
♦❜t✐❡♥❡
|Duǫi| ≤ Lip(ui). ✭✹✳✺✽✮
▲❛ ♣r♦♣✐❡❞❛❞
Duǫi(x, t) = ηǫ ∗Dui,
í♠♣❧✐❝❛ q✉❡ Duǫi ❡s ✉♥❛ ❛♣r♦①✐♠❛❝✐ó♥ ❞❡ Dui✱ ♣♦r ❧♦ t❛♥t♦✱
Duǫi −→ Dui ❝✳s ❝✉❛♥❞♦ ǫ −→ 0 (i = 1, 2). ✭✹✳✺✾✮
❉❛❞♦ ǫ > 0✱ y ∈ Rn ② s > 2ǫ s❡ ♦❜t✐❡♥❡ ❧❛ s✐❣✉✐❡♥t❡ ❡st✐♠❛t✐✈❛✿
D2uǫi(y, s) ≤ C
(
1 +
1
s
)
I, ✭✹✳✻✵✮
❞♦♥❞❡ I ❞❡♥♦t❛ ❧❛ ♠❛tr✐③ ✐❞❡♥t✐❞❛❞✳ ❊♥ ❡❢❡❝t♦✱ s❡❛ z > 0✱ |z| ≤ 1✳ P♦r ❡❧
✐t❡♠ (c) ❡♥ ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡ s♦❧✉❝✐ó♥ ❞é❜✐❧✱ s✐❣✉❡ q✉❡
ui(y + zej, s)− 2ui(y, s) + ui(y − zej, s)
h
≤ C
(
1 +
1
s
)
|z|2 ≤ C
(
1 +
1
s
)
.
✸✶
❍❛❝✐❡♥❞♦ h −→ 0✱ ♦❜t❡♥❡♠♦s ✭✹✳✻✵✮✳
❉❡♥♦t❡♠♦s
bǫ(y, s) :=
∫ 1
0
DH(rDuε1(y, s) + (1− r)Du2ǫ(y, s))dr. ✭✹✳✻✶✮
❆sí✱ ❞❡ ✭✹✳✺✼✮✱ ♦❜t❡♥❡♠♦s q✉❡
vt + bǫ.Dv = (bǫ − b)Dv, c.s.
②✱ ♣♦r ❧♦ t❛♥t♦✱
vt + ❞✐✈(vbǫ) = (❞✐✈bǫ)v + (bǫ − b)Dv c.s. ✭✹✳✻✷✮
❉❡ ✭✹✳✺✽✮ ② ✭✹✳✻✵✮✱ ❡s ❝❧❛r♦ q✉❡
❞✐✈bǫ =
∫ 1
0
n∑
k,l=1
Hpkpl(rDu
ε
1 + (1− r)Du2ǫ)(ruε1,xlxk + (1− r)uǫ2,xlxk)dr
≤ C(1 + 1
s
). ✭✹✳✻✸✮
❋✐❥❛♠♦s x0 ∈ Rn, t0 > 0 ② ❞❡✜♥✐♠♦s
R := ma´x {|DH(p)|; |p| ≤ ma´x {Lip(u1), Lip(u2)}}
②
C = {(x, t) : 0 < t < t0, |x− x0| ≤ R(t− t0)} .
❉❡♥♦t❡♠♦s
e(t) =
∫
B(x0,R(t−t0))
v(x, t)dx,
✸✷
❝❛❧❝✉❧❛♥❞♦ ♣❛r❛ ❝❛s✐ t♦❞♦ t > 0✱ ② ✉t✐❧✐③❛♥❞♦ ✭✹✳✺✽✮✲✭✹✳✻✸✮ s❡ ♦❜t✐❡♥❡
e˙(t) =
∫
B(x0,R(t−t0))
vtdx−R
∫
∂B(x0,R(t−t0))
vdS
=
∫
B(x0,R(t−t0))
−❞✐✈(vbǫ) + (❞✐✈bǫ)v + (bǫ − b).Dvdx
−R
∫
∂B(x0,R(t−t0))
vdS
= −
∫
∂B(x0,R(t−t0))
v(bǫ..v +R)dS +
∫
B(x0,R(t−t0))
(❞✐✈bǫ)v + (bǫ − b).Dvdx
≤
∫
B(x0,R(t−t0))
(❞✐✈bǫ)v + (bǫ − b).Dvdx
≤ C(1 + 1
t
)e(t) +
∫
B(x0,R(t−t0))
(bǫ − b).Dvdx. ✭✹✳✻✹✮
❍❛❝✐❡♥❞♦ ǫ −→ 0 ② ♣♦r ❡❧ ❚❡♦r❡♠❛ ❞❡ ❧❛ ❈♦♥✈❡r❣❡♥❝✐❛ ❉♦♠✐♥❛❞❛✱ ♦❜t❡♥❡♠♦s
e˙(t) ≤ C(1 + 1
t
)e(t), ♣❛r❛ ❝❛s✐ t♦❞♦ 0 < t < t0. ✭✹✳✻✺✮
❆❤♦r❛✱ ✜❥❛♠♦s 0 < ǫ < r < t ② ❡s❝♦❣❡♠♦s ✉♥❛ ❢✉♥❝✐ó♥ ϕ(z) ≥ 0 t❛❧ q✉❡
ϕ(z) = 0, s✐ |z| ≤ ǫ (Lip(u1) + Lip(u2)) .
❉❡s❞❡ q✉❡ u1 = u2 ❡♥ R
n × {t = 0} , ❡♥t♦♥❝❡s
v = ϕ(w) = ϕ(u1 − u2) = 0, ❡♥ t = ǫ.
P♦r ❧♦ t❛♥t♦✱ e(ǫ) = 0✳
▲✉❡❣♦✱ ❞❡ ✭✹✳✻✺✮ ② ♣♦r ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❞❡ ●r♦♥✇❛❧❧✱ s❡ t✐❡♥❡
e(r) ≤ e(ǫ) exp
(∫ r
ǫ
C(1 +
1
s
)ds
)
= 0.
✸✸
❆sí✱
|u1 − u2| ≤ ǫ (Lip(u1) + Lip(u2)) ❡♥ B(x0, R(t− t0)),
♣❛r❛ t♦❞♦ ǫ > 0✱ ❡♥ ♣❛rt✐❝✉❧❛r✱ u1(x0, t0) = u2(x0, t0)
❈♦♠♦ ❝♦♥s❡❝✉❡♥❝✐❛ ❞✐r❡❝t❛ ❞❡ ❧♦s ▲❡♠❛s ✹✳✹✳✶✱ ✹✳✹✳✷ ② ❡❧ ❚❡♦r❡♠❛ ✹✳✹✳✶ s❡
♦❜t✐❡♥❡ ❡❧ s✐❣✉✐❡♥t❡ r❡s✉❧t❛❞♦✳
❚❡♦r❡♠❛ ✹✳✹✳✷✳ ✭▲❛ ❢ór♠✉❧❛ ❞❡ ❍♦♣❢✲▲❛① ❡s ✉♥❛ s♦❧✉❝✐ó♥ ❞é❜✐❧✳✮
❙❡❛♥ H ❞❡ ❝❧❛s❡ C2(Rn) q✉❡ s❛t✐s❢❛❝❡ ✭✹✳✶✽✮ ② g ✉♥❛ ❢✉♥❝✐ó♥ q✉❡ s❛t✐s❢❛❝❡
✭✹✳✶✾✮✳ ❙✐ g ❡s s❡♠✐❝♦♥❝❛✈❛ ♦ H ❡s ✉♥✐❢♦r♠❡♠❡♥t❡ ❝♦♥✈❡①❛✱ ❡♥t♦♥❝❡s
u(x, t) = mı´n
y∈Rn
{
tL
(
x− y
t
)
+ g(y)
}
❡s ❧❛ ú♥✐❝❛ s♦❧✉❝✐ó♥ ❞é❜✐❧ ❞❡❧ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r ✐♥✐❝✐❛❧ ✭✸✳✶✷✮ ♣❛r❛ ❧❛ ❡❝✉❛❝✐ó♥
❞❡ ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐✳
❈❛♣ít✉❧♦ ✺
❆♣❧✐❝❛❝✐♦♥❡s ② ❛❧❣✉♥❛s ❝♦♥❝❧✉s✐♦♥❡s
✺✳✶✳ ❆♣❧✐❝❛❝✐♦♥❡s
❆♣❧✐❝❛❝✐ó♥ ✶✳ ❈♦♥s✐❞❡r❡♠♦s ❡❧ s✐❣✉✐❡♥t❡ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r ✐♥✐❝✐❛❧
ut +
1
2
|Du|2 = 0 ❡♥ Rn × (0,∞)
u = |x| ❡♥ Rn × {t = 0}.
✭✺✳✶✮
◆♦t❡♠♦s q✉❡ H(p) =
1
2
|p|2✳ ▲✉❡❣♦✱
q = DpH = p,
L(q) = p · q −H(p) = q · q −H(q) = |q|2 − 1
2
|q|2 = 1
2
|q|2.
❆sí✱ ❧❛ ❢ór♠✉❧❛ ❞❡ ❍♦♣❢✲▲❛① ♣❛r❛ ❧❛ ú♥✐❝❛ s♦❧✉❝✐ó♥ ❞é❜✐❧ ❞❡ ✭✺✳✶✮ ❡s ❞❛❞❛
♣♦r
u(x, t) = mı´n
y∈Rn
{
tL
(
x− y
t
)
+ |y|
}
= mı´n
y∈Rn
{ |x− y|2
2t
+ |y|
}
. ✭✺✳✷✮
❆s✉♠✐❡♥❞♦ |x| > t✳ ❊♥t♦♥❝❡s✱
Dy
( |x− y|2
2t
+ |y|
)
=
y − x
t
+
y
|y| (|y| 6= 0),
② ❡st❛ ❡①♣r❡s✐ó♥ ❡s ✐❣✉❛❧ ❛ ❝❡r♦ s✐ x = y +
y
|y|t✱ y = (|x| − t)
x
|x| 6= 0 ✳
✸✹
✸✺
P♦r ❧♦ t❛♥t♦✱
u(x, t) = |x| − t
2
s✐ |x| > t.
❙✐ |x| ≤ t✱ ❡❧ ♠í♥✐♠♦ ❞❡ ✭✺✳✷✮ ❡s ❛❧❝❛♥③❛❞♦ ❡♥ y = 0✳ ❈♦♥s❡❝✉❡♥t❡♠❡♥t❡✱
u(x, t) =

|x| − t
2
s✐ |x| > t,
|x|2
2t
s✐ |x| ≤ t.
❖❜s❡r✈❡ q✉❡ ❧❛ s♦❧✉❝✐ó♥ s❡ ✈✉❡❧✈❡ s❡♠✐❝ó♥❝❛✈❛ ❡♥ t > 0✱ ❛ú♥ ❝✉❛♥❞♦ ❧❛ ❢✉♥✲
❝✐ó♥ ✐♥✐❝✐❛❧ g(x) = |x| ♥♦ s❡❛ s❡♠✐❝ó♥❝❛✈❛✳ ❊st♦ ❝♦♥❝✉❡r❞❛ ❝♦♥ ❡❧ ▲❡♠❛ ✹✳✹✳✷✳
❆♣❧✐❝❛❝✐ó♥ ✷✳ ❊①❛♠✐♥❛r❡♠♦s ❡❧ ♣r♦❜❧❡♠❛ ❝♦♥ ❝♦♥❞✐❝✐ó♥ ✐♥✐❝✐❛❧ ✐♥✈❡rt✐❞❛✿
ut +
1
2
|Du|2 = 0 ❡♥ Rn × (0,∞)
u = −|x| ❡♥ Rn × {t = 0}.
✭✺✳✸✮
P♦r ❧♦ ❤❡❝❤♦ ❛♥t❡r✐♦r♠❡♥t❡ ♦❜t❡♥❡♠♦s✱
u(x, t) = mı´n
y∈Rn
{ |x− y|2
2t
− |y|
}
. ✭✺✳✹✮
❆❤♦r❛✱
Dy
( |x− y|2
2t
− |y|
)
=
y − x
t
− y|y| (|y| 6= 0),
② ❡st❛ ❡①♣r❡s✐ó♥ ❡s ✐❣✉❛❧ ❛ ❝❡r♦ s✐ x = y − y|y|t✱ y = (|x|+ t)
x
|x| 6= 0 ✳
❆sí✱
u(x, t) = −|x| − t
2
(x ∈ Rn, t > 0).
▲❛ ❢✉♥❝✐ó♥ ✐♥✐❝✐❛❧ g(x) = −|x| ❡s s❡♠✐❝ó♥❝❛✈❛ ②✱ ♣♦r ❧♦ t❛♥t♦✱ ❧❛ s♦❧✉❝✐ó♥
t❛♠❜✐é♥ ❡s s❡♠✐❝ó♥❝❛✈❛ ♣❛r❛ t > 0✳
✸✻
❆♣❧✐❝❛❝✐ó♥ ✸✳ ❈♦♥s✐❞❡r❡♠♦s ❡❧ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r ✐♥✐❝✐❛❧
ut +
(ux)
2
2
= 0 ❡♥ R× (0,∞)
u = x2 ❡♥ R× {t = 0}.
✭✺✳✺✮
❉❡ ❧❛ ❛♣❧✐❝❛❝✐ó♥ 1✱ ♣❛r❛ t > 0✱ s❡ ♦❜t✐❡♥❡ q✉❡ ❧❛ ❢ór♠✉❧❛ ❞❡ ❍♦♣❢✲▲❛① ♣❛r❛
❧❛ ú♥✐❝❛ s♦❧✉❝✐ó♥ ❞é❜✐❧ ❞❡ ✭✺✳✺✮ ❡s
u(x, t) == mı´n
y∈Rn
{
(x− y)2
2t
+ y2
}
. ✭✺✳✻✮
P❛r❛ ❡♥❝♦♥tr❛r ✉♥ ♠í♥✐♠♦ ♣❛r❛ ❛❧❣ú♥ ✈❛❧♦r ❞❡ y ✜❥♦✱ ♣r✐♠❡r♦ ❞❡r✐✈❛♠♦s
❧❛ ❡①♣r❡s✐ó♥ ❛♥t❡r✐♦r r❡s♣❡❝t♦ ❛ y✳ ▲✉❡❣♦✱ ✐❣✉❛❧❛♥❞♦ ❛ ❝❡r♦ ② ❞❡s♣❡❥❛♥❞♦
♦❜t❡♥❡♠♦s q✉❡ ❡❧ ♠í♥✐♠♦ s❡ ❛❧❝❛♥③❛ ❝✉❛♥❞♦
y =
x
2t+ 1
.
❆sí✱ ❡♥ ✭✺✳✻✮✱ s❡ ♦❜t✐❡♥❡ q✉❡ ❧❛ s♦❧✉❝✐ó♥ ❞❡ ✭✺✳✺✮ ❡s ❞❛❞❛ ♣♦r
u(x, t) =
(
x− x
2t+ 1
)2
2t
+
(
x
2t+ 1
)2
=
x2
2t+ 1
❆♣❧✐❝❛❝✐ó♥ ✹✳ ❙❡❛ E ✉♥ s✉❜❝♦♥❥✉♥t♦ ❝❡rr❛❞♦ ❞❡ Rn✳ ❈♦♥s✐❞❡r❡♠♦s ❡❧
s✐❣✉✐❡♥t❡ ♣r♦❜❧❡♠❛

ut + |Du|2 = 0 ❡♥ Rn × (0,∞)
u =
{
0 s✐ x ∈ E ,
∞ s✐ x /∈ E , ❡♥ R
n × {t = 0}.
✭✺✳✼✮
❙❡ t✐❡♥❡ q✉❡
H(p) = |p|2, g(x) =
{
0 s✐ x ∈ E ,
∞ s✐ x /∈ E .
✸✼
❙✐❡♥❞♦✱ D2H(p) = 2I s❡♠✐❞❡✜♥✐❞❛ ♣♦s✐t✐✈❛✱ s❡ t✐❡♥❡ q✉❡ H ❡s ❝♦♥✈❡①❛✳
❆❞❡♠ás✱
l´ım
|p|−→+∞
H(p)
|p| = l´ım|p|−→+∞ |p| = +∞.
❆sí✱
L(v) = ma´x
p∈Rn
{v · p−H(p)}.
❙✉♣♦♥❣❛♠♦s q✉❡ ❡st❡ ♠á①✐♠♦ s❡ ❛❧❝❛♥③❛ ❡♥ p′ ∈ Rn✳ ❙✐❡♥❞♦✱ ❡♥ ♣❛rt✐❝✉❧❛r✱
p′ ♣✉♥t♦ ❝rít✐❝♦✱ ♦❜t❡♥❡♠♦s✿
v = DH(p′) = 2p′.
▲✉❡❣♦✱
L(v) = 2p′ · p′ − |p′|2 = |p′|2 = |v|
2
4
.
❈♦♠♦ ❡st❛♠♦s s✉♣♦♥✐❡♥❞♦ q✉❡ ♣♦❞❡♠♦s ❛♣❧✐❝❛r ❧❛ ❢ór♠✉❧❛ ❞❡ ❍♦♣❢✲▲❛①✱
❡♥t♦♥❝❡s ❧❛ s♦❧✉❝✐ó♥ ❞❡ ✭✺✳✼✮ ❡s ❞❛❞❛ ♣♦r
u(x, t) = mı´n
y∈Rn
{
tL
(
x− y
t
)
+ g(y)
}
= mı´n
y∈Rn
{ |x− y|2
4t
+ g(y)
}
. ✭✺✳✽✮
❆❤♦r❛✱ s✐ y /∈ E ✱ ❡♥t♦♥❝❡s
|x− y|2
4t
+ g(y) −→ +∞.
P♦r ❧♦ t❛♥t♦✱ ❞❡ ✭✺✳✽✮✱ ❧❛ s♦❧✉❝✐ó♥ ❞❡ ✭✺✳✼✮ ✈✐❡♥❡ ❛ s❡r ❞❛❞❛ ♣♦r ❧❛ s✐❣✉✐❡♥t❡
❡①♣r❡s✐ó♥✿
u(x, t) = mı´n
y∈E
{ |x− y|2
4t
}
=
1
4t
mı´n
y∈E
{|x− y|2} = 1
4t
d2(x, E).
✺✳✷✳ ❆❧❣✉♥❛s ❝♦♥❝❧✉s✐♦♥❡s
▲❛ ❢ór♠✉❧❛ ❞❡ ❍♦♣❢✲▲❛① ♥♦s ♣❡r♠✐t❡ ❤❛❧❧❛r ✉♥❛ s♦❧✉❝✐ó♥ ♣❛r❛ ❧❛ ❡❝✉❛❝✐ó♥
❞❡ ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐
ut +H(Du) = 0,
❛✉♥q✉❡ ♥♦ ❛s❡❣✉r❛ ✉♥✐❝✐❞❛❞ ♣❛r❛ ❡st❛ ❡❝✉❛❝✐ó♥✳
✸✽
P❛r❛ ♣♦❞❡r ♦❜t❡♥❡r ✉♥✐❝✐❞❛❞ ❡♥ ❡st❡ t✐♣♦ ❞❡ ❡❝✉❛❝✐♦♥❡s✱ t❡♥❡♠♦s q✉❡
✐♠♣♦♥❡r ❝♦♥❞✐❝✐♦♥❡s t❛♥t♦ ❛ ❧❛ ❢✉♥❝✐ó♥ ✐♥✐❝✐❛❧ g ❝♦♠♦ ❛❧ ❍❛♠✐❧t♦♥✐❛♥♦
H✳
▲❛s ❝♦♥❞✐❝✐♦♥❡s ♣❛r❛ ❧❛ ❢✉♥❝✐ó♥ g ❞❡ s❡♠✐❝♦♥❝❛✈✐❞❛❞ ♦ ❞❡❧ ❍❛♠✐❧t♦♥✐❛♥♦
H ✉♥✐❢♦r♠❡♥t❡ ❝♦♥✈❡①❛ s♦♥ ❧❛s q✉❡ ♠❡ ♣❡r♠✐t❡ ♠♦str❛r q✉❡ ❧❛ ❢ór♠✉❧❛
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